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PREFACE. 



The dptnand of * lai^e iiumhei of schools for a book 
nonfineLl to planf geometr> Ifad^ the authors to issue this 
edition of tht, first patt of then "New Plane and Solid 
Geometiy ' In ofteiing it to the profession an explanation 
of its distinctive features iniy be of service. 

It IS sometimes asserted that we should break away from 
the formal proofs of Euclid and Legendre and lead the student 
to independent discovery, and so we find text-books that give 
no proofs, others that give hints of the demonstrations, and 
still others that draw out the demonstration by a series of 
questions which, being capable of answer in only one way, 
merely conceal the Euclidean proof. But, after all, the 
experience of the world has been that the best results are 
secured by setting forth a minimum of formal proofs as 
models, and a masiniuni of unsolved or unproved propositions 
as exercises. This plan has been followed by the authors, 
and the success of the first edition has abundantly justified 
their action. 

There is a growing belief among teachers that such of 
the notions of modern geometry as materially simplify the 
ancient should find place in our elementary text-books. With 
this belief the authors are entirely in sympathy. Accord- 
ingly they have not hesitated to introduce the ideas of 
one-to-one correspondence, of anti-parallels, of negative mag- 
nitudes, of general figures, of simUarity of point. systems, 
and such other concepts as are of real value in the early 
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iv PREFACE. 

study of the science. All this has been done in a conserva- 
tive way, and such material as the first edition (1895) showed 
to be at all questionable has been omitted from the present 
revision. 

Within comparatively recent years the question of methods 
of attack has interested several leading writers. Whatever 
has been found to be usable in elementaj^y work the authors 
have inserted where it will prove of most value. To allow 
the student to grope in the dark in his efforts to discover 
a proof, is such a pedagogical mistake that this innovation in 
American text-books has been generally welcomed. Upon 
this point the authors have freely drawn from the works of 
Petersen of Denmark, and of Eouch6 and de Comberousse of 
France, and from the excellent treatise recently published by 
Hadamard (Paris, 1898). 

With this introduction of modem concepts has necessarily 
come the use of certain terms and symbols which may not 
generally be recognized by teachers. These have, however, 
been chosen only after most consei-vative thought. None is 
new in the mathematical world, and all ate recognized by the 
leading wiiterb of the present time Ihej certainly deserve 
place m our elementary treatises on the ground of exactness, 
of simiilicity, and of their general u'^age in mathematical 
literature 

The histoiical notes o± the first edition hd,ve been retainetl, 
it being the gnneial Lonseubus i± opmion that they add 
inateiially to the intere=it m the woiL For teachers who 
desne a brief but scholarly tieatment of the subject the 
authors refer to their translition of link's "History of 
Elementary Mathematiis" (Chicago, The Open Court Pub- 
lishing ( 1899) Foi the limitations of elementary geom- 
etn the impo',sibdit\ nf triatLtmi; m ingle, squaring a 
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circle ek te'vheis should leiil tlie aiitliors' translation of 
Klein & \ iluable vi Drk, Pamous Problems of Elementary 
Geometry (Boston, (jinn & ( ompAny). 

It i& imp 3=!?ible to mike complete acknowledgment of the 
helps that h'i\e been used. The leading European text-books 
have betn eonstaiitlj it hand Special reference, however, is 
due to buch strndaid woiks as those of Henrici and Treutleiu, 
" Lehrburh der Elemental (leometne," the Fi-ench writers 
alreadj mentioned and the notewoithy contributions of the 
recent Italian school lepieaented by Faifofer, by Socci and 
Tolomei, and h) Lizzen ind Bis^ani. 

Teachers are urged to considei the following suggestions in 
using the book : 

1. Make haste slowly at the beginning of each book. 

2. Never attempt to give all of the exercises to any class. 
From a third to a half, selected by tbe teacher, should suffice. 

3. Require frequent written work, thus training the eye, the 
hand, and the logical faculty togetlier. The authors' Geometry 
Tablet (Ginn & Company) is recommended for this work. 

W. W. BEMAN, Ak\ Arhor, Mich. 
1). 1-;. SMITH, BiiocKFOKT, N. Y. 
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PLAKE AND SOLID GEOMETET. 



PLANE GEOMETRY. 



INTEODUCTIOK 
1. ELEMEHTARY DEFINITIONS. 

1. In Arithmetic tho student has considoied the science of 
numbers, juid has fonnd, for example, that a number ■which 
ends in 5 or is divisible by 5. 

In Algebra he has studied, amor^ other things, the equation, 
and has found that if lx — X = 6,x must equal 12. 

In Geometry he is to study form, and he will find, for 
example, that two triangles must necessarily be equal if the 
three sides of the one are respectively equal to the three sides 
of the other. 

Before beginning the subject, however, there are certain 
terms which, although familiar, are used with such exaetness 
as to require careful explanation. These terms are solid, sur- 
face, line, angle (with various kinds of each), and point. As 
with most elementary mathem.atical terms, such as nuinher, 
space, etc., it is difBcult to give them simple and satisfactory 
definition. Explanations can, however, be given which will 
lead the student to a reasonable understanding of them, 

3. The space with which we are familiar and in which we 
live is evidently divisible. Any limited portion of space is 
called a solid. 

In geometry no attention is given to the substance of which 
the solid is composed. It may be water, or iron, or air, or 
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2 PLANE GEOMETBT. [Intb. 

wood, or it may be a vacuum. Indeed, geometry considers 
only the space ooewpied by the substance. This space is called 
a geometric solid, or simply a solid, ■while the substance is called 
a physical solid. Thus, a ball is a physical solid ; the space 
which the ball occupies is a geometric solid. 

3. That which separates one part of space from an adjoin- 
ing part is called a surface. So we speak of the surface of a 
ball, the auiface of the eai'th, etc. 

4. Every surface is divisible. That which sepai-ates one 
part of a surface from an adjoining part is called a line. 

5. Every line is divisible. That which separates one part 
of a line fi-om an adjoining part is called a point. 

A point is not divisible. 

Thus, in the figure the surface o£ the block separates the space occu- 
liied by the block froai all the rest of space. This surface is divisible in 
many ways; for example, it is divided into 
two parts by the line passing from A through 
B and C and back to A. This line is divisible 
3 many ways; for esample, it is separated 
ito three parts by the poinls A, B, C. In the 
ase of a line that returns into itself, — i.e. a 
closed line, like the one just mentioned, — two points are necessary com- 
pletely to separate one part from the other. 

It is impossible to draw mechanically a geometric line. A 
chalk mark, a thread, a fine wire, an ink mark, are all very 
thin physical solids used to represent lines ; for this purpose 
they are very helpful. So, too, a dot may be used to represent 
a point, and a sheet of paper may be used to repres&>it a surface, 
although each is really a physical solid. 

6. The preceding deiinitions start from the solid and take 
the surface, line, and point in order. It is also possible to 
start vrith the point and proceed in reverse order. 

The point is the simplest geometric concept ; it has position, 
but not magnitude. 
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Sec. 7.] ELEMENTARY DEFINITIONS. 3 

A moviag point describes a line. 

This may be represented by a pencil point moving on a piece of paper. 

A moviQg line describes, in general, a surface. 

■mis may be represented by a crayon lying flat against the blacltboard, 
and moving sidowisc. How may a line move so as not to describe a 
surface ? 

A moving surface describes, in general, a solid. 
Thus, the surface of a glass of water, as it moves upward, may be said to 
describe a solid. How may a surface move so as not to describe a solid ? 

7. Through two points any number of lines may be imagined 
to pass. 

i'or example, tlirough the points Pi, P^ 
(read "P-one, P-two") the lines q, r, s 
may be imagined to pass. 

A straight line is a line which is determined by any tv/o of 
its points. 

In the figure, s represents a straight line, for, given the points Pi, Ps 
on the line, its position is fixed ; it is detecmiiied. 

But g and r do not represent straight lines, because Pi and Pi do not 
determine them. 

The word line, ased alone, is to be understood to refer to a 
straight line. 

The expression straight line is used to mean both an unlim- 
ited straight line and a portion of such a line. In case of 
doubt, line-segment, or merely segment, is used to mean a 
limited straight line. 

As has been seen, a point is usually named by some capital 
letter. A segment is usually 

named by naming its end points, ■ — — ■ ' ^ ■' — 

or by a single small letter. 

In the annexed figure, AB, AC, BG, and o are marlted ofi. 

Two segments are said to be equal when they can be made 
to coincide. 
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PLANE GEOMETRY. 



[INI 



8, If three points, A, B, C, are taken iu order on a line, 
as in the preceding figure, then the line-segment AC ia called 
tlie sum of the line-segments AB and BG, and AB is called tlie 
difference between ^C and BG. 



9, If a point divides a line-segment into two equal t 
ments, it is said to bisect the line-segment and „ 

is caUed its mid-point. 

A line is easily bisected by tlio i:se of a straiglii> 
edge and compasses, thus ; 

Witli centers A and if, and equal radii, describe 
arcs intersecting at P and P'. ^ 

Draw PP".- This bisects ^B. 

The proof of this fact ia given later. 



10. If a segment is drawn out to 
length, it is said to be produced. 

To produce AB means to extend it through B, toward G, in the second 
figure in §7. To produce B4 means to extend it through il, away fromB. 

11. A line not straight, but made 
\. up of straight lines, is called a broken 



12. Througli three points, not in a straight line, any n 
ber of surfaces may be im^ined 
to pass. 

For example, through the points A, i 
C the surfaces P and S may be i; 



A plane surface (also called a plane) is a surface which i 
determined by any three of its points not in a straight line. 



A plane is indefinite in extent unless the contrary is stated. 
To produce it means to extend it in length or breadth. 
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Secs. 13, 14.] ELEMENTARY DEFINITIONS. 5 

13. If two lines proceed from a point, they are said to form 
an angle, the lines being called the anus, and the point the 
vertex, of that angle. 

The size of the angle is independent of the length of the 
anns ; the size depends merely upon the amount of turning 
necessaay to pass fi'om one arm to the other, 

The methods of naming an angle will be seen from the 
annexed figui-es. It is convenient to letter an angle around 
the vertex, as indicated by the arrows, that is, opposite to the 
com'se of clock-hands, or counter-clocJcwise. 



Anglem. Angle O. Angle^Ofl. Angle ai. Angle AOJi. 

A line proceeding from the vertex, turning about it counter- 
clockwise from the first arm to the second, is said to turn 
through the angle, the angle being greater as the amount of 
turning is greater. 

14. If the two anns of an angle lie in the same straight 
line on opposite sides of the vertex, a straight angle is 
said to be formed. If the angle still further increases, until 
the moving arm has perfonned a complete revolution, thus 
passing through two straight angles, a perigou is said to be 
formed. 

For practical pui'poses angles are measured in degrees, min- 



perigon is said to con- b ,£ — 

tain 360'. ~^^^ * '^ 

In general, if twolincs ■^"S, a Btralght angle. a person, or angle 

, . „ ^ BOA. astiaigbXansJe. of SfiO". 

are drawn from 0, two 

angles, each less than a perigon, are formed. Of these the 

smaller is always to be understood if "the angle at 0" is 
mentioned, unless the contrary is stated. 
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15, If a line tiirna through an angle, all points or line 
segments through which it passes in its turning, except the 
vertex, are said to be within the angle. Other points or lines 
are either on the arms or without tlie angle. 

16. Two angles, ah, a'b', are said to be equal when, without 
chaining the relative position of a and b, angle ah may by 
placed so that a lies along a', and b along b'. 

This equality is tested ty placing one angle on the other, the vertices 
coinciding. Then if t]ie arms can he made to coincide, the angles are 
equal, otherwise not. 

If three lines, OA, OB, OC, proceed from a common 
point 0, OB lying within the angle AOC, 
tlien angles AOB and BOC are called ad- 
jacent angles. Angle AOC is called the sum. 
of the angles AOB, BOC. Either of the 
iacent angles is called the difference be- 
tween angle AOC and the other of the adjacent angles. 
As two angles may be added, so several may be added. 

18. If a line divides an angle into two equal angles, it is 
said to bisect the angle and is called its 
bisector. 

In the annexed figure, if angle AOY equals 
angle rOB, then OY is tlie bisector of angle 
AOB. 

And, in general, to bisect any magnitude means 
to divide it into two equal parts. 

An angle is easily bisected by the use of a 
straight-edge and compasses, thus : 

If AOB is the given angle, mark oS with the 
compasses 00 equal to OD. 

Then with G and D as centers and GD as a 
radius draw two arcs intersecting at P and P'. 

The line joining P or P" with is the required bisector. The proof 
of Uiis fact is given later. 
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Secs. 19-Zi.] ELEMENTARY DEFINITIONS. 

19. A right angle is half of a straight angle. 
It follows from this definition that the sum 

angles is a straight angle; and from the 
definitions of a straight angle and of a 
perigon, that the sum of two straight an- 
gles, or of foivr right angles, is a perigon. C 

It also follows that a straight angle 
contains 180° and a right ajigle contains 90°. 

20. If two lines meet and form a right angle, each line is 
said to be perpendicular to the other. 

Each is also spoken of as tt perpendicular to the other. 
Thus, in the precedii^ figure, SO is perpendieulw to CA, or 
is (I perpendicular to CA. The segment PO is called the per- 
pendicular from P to CA, since it will presently be proved that 
it is unique ; that is, that there is one and only one perpendic- 
ular. is called the /oo( of that perpendicular. 

The word unique, meaning one and only one, is frequently 
used in mathematics. 

A line is easily drawn perpendicular t« another line by the use o,f a 
straight-edge and eonipasses. This is seen in the' figure in § 0, where 
PP" is perpendicular ta AB. 

31. An angle kss than aright angle is said to beacute; one 
greater tliaii a right angle but less than a straight angle is said 
to be obtuse; one gieatei than a straight angle but less than a 
perigon is said to be reflex oi convex 

22. Two lines which form an aiut*, obtuse, or reflex angle 
are said to be obbque to ta<,h otlier 

Acute, obtuse, and reflex angles are classed under tlie gen- 
eral term oblique angles 

The meaning of the expressions Uique linen m thque foot :>! in 
oblique, will hi- understood fiom 5 ^0 

Draw a figuic representing a:ute Dbtuse iid reflex ingles hliiue 
lines, an obliqw fiom P to rA, the fDOt Df an ol! que 
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8 PLANE GEOMETRY. [Imr. 

23. Two angl s uc sail t le complements t ci 1 tl i if 
their sum is a iigi t n^le Tw iiiglca if ^a d to 1 e supple 
ments of each ther if their sum ib a, atnight anglt Two 
angles are S'u 1 to be conjugates of each other if th ir &um is a 
perigoii. 

If one an le tl f omplei ent of ^nother the two angles 
lie h\nl t{ be f jIpw' tal oi r jif 
ntentary. Similarly, if one angle is the 
supplement of another, the two angles are 
_^ said to be supplerttenta-l or suppleTnentary. 
In the annexed figure, angles A OB and BOG 
re snpplemenlal, also angles BOC and COI>, 

If two lines, CA, DB, intersect at 0, as in the above 
figure, the angles AOB and COD are called vertical oi' opposits 
angles ; also the angles BOC and DOA. 

in 1 i]gl t ini'lp ? How many 

1 ilf of I r "-lit allele ? of one- 

3 How nany de^rets u the supplement nf ai ai^le of (a) 75°? 
(b)QO°? (<.)150°/ (d) iTi'? 

4 Al&o in the complement of an angle of (1) 'i"? (b)l»? (c) 89°? 
(d)45''? (e)90=? (f)0°? 

5. Also in the conjugate of an angle of (a) -210° P (b) ISO" ? (o) 350" ? 
(djflO"? (e)!"? (f)300°P 

6. Draw a figure showing that two straight lines determine one point ; 
also one allowing that three straight lines determine, in general, three 
points. 

7. How many degrees in each of the two conjugate angles which the 
hour and minute hands of a clock form at 4 o'clock ? 

8. If six lines, proceeding from a point, diyido a perigon into six 
equal angles, express one of those angles (a) in degrees, (b) as a fraction 
of a right angle, (c) as a fraction of a straight angle. 
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Skcs. 25-37.] DEMONSTRATIONS OF GEOMETRY. 



2. THE DEMONSTRATIONS OF GEOMETRY. 

25, The object of geometry is tlie im e&ti^itioit of trutlis eoa- 
ceming combinations of lines and points and of the methods 
of making certain constrictions from lines and points. 

36. A proposition is a stabmtnt of eithei a tr itli to be 
demonstrated or a construction to bt, made 
. For example, geometry inTestigates this propisiticn If two lines 
intersect, tlie yertical angles are equ'il It also investigates the methods 
of dt?awing a line perpendicular to another line and various other propo- 
sitions requiring some construction. 

Propositions are divided into two classes — theorems and 



A theorem is a statement of a geometric truth to be demon- 
.'itrated. 

A problem is a statement of a geometric construction to be 
made. 

For example : Theobbh, ff two lines intersect, the -Bertkat angles are 
equal. — PiiODLEM, Required thrmigh a poivl in a line to draw a perpsn- 
diciilar to tAat line. 

27. There are a few geoTnetric statements so obvious that the 
truth of them may be taken for granted and \ few geometin, 
opeiations so simple that it may be assumed that the^ i.an be 
pLrtoimcd &uth a stitement or the clauu to perform such 
an opeiition, is called a postulate 

The geometric operations thus issumed rcqu le tie use (f the 
straight-edge and compasbeft T}e slmglii edqe aid tke tOTijaases aie 
the only instruments )eco<fmzed tn elementary qeometry 

The postulates used in this work are set forth fiom tune to 
time as leimied At presnnt thrte generil tlisses suttiLt 
as f Ikws 



Hosted by 



Google 



10 PLANE GEOMETRY. [intk. 

28. Postulates of the Straight Line. 

1. Two points determine a straight line. 
Tliis follows from the definition. 

2. Tteo straight lines in a plane determine a point. 

3. A straight line "may be drawn and revolved about one 
of its points as a center so as to include any assigned point 
in space. 

4. A straiijht line-segment may be produced. 

5. A straight line is divided into two parts by ang one of 
its points. 

39. Postnlates of the Plane. 

1. Three points not in a straight line determine aplane. 
This foEows from the definition. 

2. A straight line through two points in a plane lies wholly 
in the plane. 



3. A plane may be passed through a straight line and re- 
volved abont it so as to iruilude any assigned point in space. 

4. A portion of a plane vnay be produced. 

5. A plane is divided into two parts h>j any one of its 
straight lines, and space is divided into two parts hy a,ny 

30. Postulate of Angles. 

All stra/ight angles are equal. 

31. There are also a number cf ^uiij.le BtitLment=! «/ a 
general nature, so ob\ious that the truth if them inaj he 
taken for granted. These ^e called axioms 

The following are the aiioma most frequentlj used in £,e metr^ and 
they are so important tliat thej should be learned by number 



Hosted by 



Google 



Sbc. :i2.] DEMONSTRATIONS OF GEOMETUY. 11 

32. Axioms. 

1. Things which are equal to the same thing, or to equal 
things, are equal to each other. 

That Is, (1) if ^ = B, and C = B, then A = C. Or, (2) if ^ = B, and 
B = C, and C = A then A=D. 

2. If equals are added to equals, the sums are equal. 
That is, if 4 = B, and if C = D, then 4 + C = B + D. 

3. If equals are subtracted from, equals, the remainders are 
equal. 

That is, IE A = B, and if C = D, then A-C = B-D. 

4. If equals are added to unequtds, the sums are unequal in 
the same seme. 

That is, it ^ = B, and if C is greater tliaii D, then A + C is greater 
than B +1). 

5. If equals are subtracted from unequals, the remainders 
are unequal in the same sense. 

That is, if j1 = B, and if C is greater than B, then — A is greater 
than D-B. 

G. If equals are multiplied by equals, the products are equal. 
That iB, il A = B, and m is any number, then mA = m.B. 
1. If equals are divided by equals, the quotients are equal. 
That ia, as in axiom 6, - - -■ It will be seen that axiom 6 covers 
axiom 7, for m may be a fraction. 

8. The whole is greater than a,ny of its parts, and equals 
the sum of all its parts. 

The latter part of this axiom is merely the definition of whole. 

9. If three magnitudes are so related that the first is greater 
than the second, while the second is greater than, or equal to, 
the third, then the first is greater than the third. 

E.g. if A is greater than B, and if B is greater than, or equal to, C, 
then A ia greater than C. 
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PLANE GEOMETRY. 



> ABBIiKVIATIONS. 



The following are used in this work, and aru inserted here 
merely for reference, and not for memorizing : 



e.g. 


Latin, exempli gratia, £or 


-;. 


/, :, and fractional form, de- 




example. 




note division. 


U. 


Latin, id est, that is. 


= 


is equal, or equivalent, to. 




since 


= 


\s. identical with, ?^AB = AB, 




therefDF 




or coincides with. 


pt pis 


point pu uts 


^ 


is congruent to. 




right 




is similar to. 


St 


Btriight 


= 


approaches as a limit. 


ax 


axiom 


> 


is greater than. 


P St 


postulate 


< 


is less than. 


dcf 


definition 


^ 


is not equal to, i.e. > or < . 


prop 


proposition 


> 


is not greater than, i.e. = or<. 


th 


tlieoreti 


< 


is not less than, i.e. = or >. 


pr 


problen 


X 




cor 


oor llan 




pendicular. 


Bubst 


subst t ition 


11 


is parallel to, or a parallel. 


prpl 


pn-limmin 




and 80 on. 


ppd 


pariUelepiped 


The above take the plural also; 
thus, = means are equal, as well 


O © 


oucle circles 




s (S equal. 


A A. 


triangle triangles. 


The manner of reading some of the 


D d] 


squire squares 


familiar symbols is suggested, as 


a m 


rectangle rectangles. 


follows: 


D O 


parillelngram parallelo- 








grams 


P", 


P-prime; P", P-second; P"', 


z z. 


angle angles 


P-third, etc. 


+ 


ph >■ increased by. 


Pi 


P-one ; Pi, P-two, etc. 


— 


minus dlminlslied by. 


A'B', A-prime B-prime, etc. 


X 


and absence of sign, de- 


Ai 


A-one-prime, etc. 



References to preceding propositionB arc made by book and proposi- 
tion thus, I, prop. IT ; if the first Roman numeral is omitted, the prop- 
osition is in tlie current book. Section references are also used. 

Other simple abbreviations are occasionally used, but they will be 
easily understood. 
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3. PRELIMINARY PROPOSITIONS. 

34. The following tbeoteiiis ate designed to show to the 
beginner the nature of a geometric proof, and to lead him by 
easy steps to appreciate the logic of geometry. Some of them 
might properly have been incorporated in Book I, and others 
might have been omitted altogether ; but they form a gi'oup of 
simple propositions which lead the student up to the more diffi- 
cult work of geometry, and for that reason they are inserted 
here. The student and the tesieher are advised to proceed 
slowly until the logic of the subject is understood, and under 
no circumstances to allow mere memorizing of the proofs. 

Proposition I. 

35. Theorem. All right angles are equal. 

8uooE3TioK. The only angles ol whose equality we are thus far 
aaHured are straight angles. Hence in some way we must base our proof 
ot this theorem on the poHtulal* of angles, which asserte this fact. We 
then consider how a right angle is related to a straight angle, and the 



Given any two right angles, r, r'. 

To prove that r = r'. 

Proof. 1. randr'arehalvesof straight angles. Def . rt, ./ 

(5 19. A right angle is half of a straight angle,) 

2. All Straight angles are equal. g 30 

3. .'. all right angles, and hence r and r', are equal. 

Ax. 7 
(If equals are divided hy equals, the quotients are equal.) 
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PLANE GEOMETRY. 



Propohitios II. 

36. Theorem. At a given point in a given line not more 
than one perpendicular can he drawn to that line in the same 
plane. 



I 

111.' 



e drawn to XX', 



Given YY' ± XX at 0. 

To prove that no other perpendicular c 

at 0, in the same plane, 
Proof. 1. Suppose that another X, ZZ', could be drawqi, 

2. Then Z XOZ would be a rt. Z. Def . ± 
(H two lines meet and form a rt. Z, eaoli is said to be X to the other.) 

3. But Z ^0 r is a rt. Z. Given ; def. J., § 20 



(For it is given tliat YY' _L XX\ and the def. of a X is given in step 2.) 

4. .-. ZXOr would equal ZXO^, Prop. I 

(All right angles are equal.) 

5. But this is impossible. Ax. 8 
(The whole is greater than any of its parL^, etc.) 

6. .'. the supposition of step 1 is absurd, and a second 
perpendicular is impossible. 

Note. In prop. I we proved directly from the definition of straight 
angle that all light angles are equal. In prop. 11 a different method of 
proof is followed. We have here supposed that the theorem is false'and 
have shown that this sapposition is absurd. Such proofs have long been 
known by the name " redttctlo ad absurdum," a reduction to an absurd- 
ity. They are also called indirect proofs. 
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Proposition III. 
37. Theorem. The complements of equal angles are equal. 

SuGGEBTiON. Three lines of proof may present themselves. We way 
base our proof on the equality of straight angles, as we did in prop. I, or 
we may take an indirect proof as in prop. II, beginning hy supposing the 
theorem false and showing the absurdity of this supposition, or we may 
base the proof on prop. I. Since the complements Busiest right angles, 
which of the three methods would it probably be best to follow ? 



Given two equal A, AOB, A'O'B', and their complements, 

BOO, B'O'C, respectively. 
To prove that Z. HOC = Z B'O'C. 

Proof. 1. A AOC and A'O'C are rt. A. Def. compl. 

{% 23. Two A are said to be complements if their sum is a rt. Z.) 

2. .-.AAOC^ AA'O'C. Prop. I 
(All right angles are equal.) 

3. But A AOB = A A'O'B'. Given 

4. .-.ABOC^AB'O'C. Ax. 3 
(If equals are subtracted from equals, the remainders are equal.) 

PkO POSITION IV. 

38. Theorem. The supplementB of. equal angles are equal. 
Let the student draw the figure and givn the proof after the manner of 
prop. III. Use only four steps in the proof. 

To prove 
Proof, 
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Proposition V, 
Theorem. TJie conjugates of equal angles are equal. 



(VA (V^,- 

Given two equal angles, ab, a'b'. 

To prove that Z.h(i.=^ Z. b'a'. 

Proof. 1. Thf! given A may be so placed that a, lies along a', 
and 6 along b'. Def. equal A 

(5 16. Two A, ah, a'b", aie said to be equal when. Z ah can be placed 
BO that a lies along a', and 6 along b'.) 

2. But then. Z ba must equal Z b'a'. Def. equal Z 



Proposition VI. 

40. Theorem. If two lines cut each other, the vertical 
angles are equal. 

Suggestion. After examining tlie fignre the stndent might say tliat 
because Za + Zb = &t. Z, and Zb + Za' = st. Z, /. Za + Zh = Zb 
+ Z a', and then subtract Z b from these equals ; or he might say that 
Za = Zaf because each is the supplement of Z b. He should always feel 
encouraged to try varions proofs, selecting the shortest and the clearest. 
])oe3 the following proof meet these requirements ? 

Given two lines cutting each other, 

fonning two pairs of opposite 
angles, a, it,', and b, b'. 
To prove that ZLa = Z.a'. 
Proof. 1. Za and Z«' are supplements of Z5. Bef. suppL 
(§ 23. Two A are said to be supplements if their sum is a St. Z.) 
2. .-. Zo = Z«'. Prop. ly 

(The supplements of equal angles are equal.) 
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PkO POSITION VII. 

41. Theorem. A line-segment can he bisected in only one 
point. 



Given a line-segment AB, bisected at M. 

To prove that there is no other point of bisection. 
Proof. 1. Suppose another point of bisection exists, as F, be- 
tween M and B. 

2. Then since AM and AP ai'e both lialves of AB, they 
are equal. Ax. 7 

(Slate as. 7.) 

3. But this is impossible, for AM is part of A.F. Ax. 8 

(Slate ax. 8.) 

4. .■. the supposition that there is a second point of 
bisection is absurd. 

(Another reductio ad (Uiatirdum, as in prop. II.) 



Pkoposition Vni. 

43. Theorem. An angle can he bisected by only one line. 
(Tlie student may prove this after the manner of prop. VII.) 



Exercises. 9. Of two supplemental angles, a and 6, (a) suppose 
a = 2 6, how many degrees in each ? (b) suppose a = 3 6, how many ? 

10. How many straight lines are. In general, determined by three 
points? by four? (The points in the same plane.) 

11. If of five angles, «, 6, c, d, e, whose sura is a perigon, a = 20°, 
6 = 30°, c = 40°, d = 50°, how many degrees in e ? 

12. Of tliree angle.s whose sum is a perigon, the first is twice the sec- 
ond, and the second three times the third ; how many degrees in each ? 
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PKOPOSirioif IX. 

43. Theorem. The bisectors of two adjacent angles formed 
by one line cutting another are perpendicular to each other. 

SuGOESTioK. Considering the figure, we see that to prove OA J. OB 
we miiat show tiat Z A OB is a rt. Z. Kow tlie only way that we have as 
yet of showing an angle to be a right angle is to show that it is half of a 
straiglit angle. But evidently .^ ^ Or is half of Z XOy, because ZXOr 
is bisected ; siniUarly, Z YOB is half of Z YOX', and this suggests the 
following proof. 




Given two lines, XX', YY', oiitting at ; also OA, OB, 

bisecting zS XO r, FOX', respectively. 



Proof. 1. Z.AOY = i^XOY. 


Given; § 18 


2. ZYOB = i^YOX'. 


Given; § 18 


3. .■ . ZL AOB = ^ A XOX'. 


Ax. 2 


(If equals are added to eqoals, the sums are equal.) 


4. .-. Z^05-|of ast. Z. 


Bef . St. Z 


{§ 14. If the two arms of an Z lie in the same at. line o 
of the vertex, a St. Z is said to be formed. 


opposite sides 


5. .■.Z^O.B = art. Z. 


Def. rt. Z 


(§10. Art. Z is half of a St. Z.) 




6. .-.OAl.OB. 


Def. X 


(§ 20. If two lines meet and form a rt. Z, each lir 
to be ± to the other.) 


e is said 
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Proposition X. 

44. Theorem. The bisectors of the four angles which two 
intersecting lines make with each other form two straight 
lines. 




Given XX' intersectu^ YY' at 0, OA bisecting Z XO Y, 
OS bisecting ZYOX', OC bisecting ZX'OY' 
and OD bisecting Z. Y'OX. 

To prove that COA and DOB are straigiit lines. 

Proof. 1. A AOB and BOC are rt. A. Prop. IX 

(State prop. IX.) 

2. .'.the two together form a st. angle. l>ef. I't. Z 

{§ l!t. State the definition,) 

3. -■. COA is a st, line. Def. st. Z 

(§11, State the definition.) 

4. Similarly for DOB. 



45. The nature of a logical proof should now be understood. 
Before continuing, however, the following points shoidd be 



a. Ei^ery statement in a proof mvM be based tipon a postu- 
late, an axiom., a definition, or some proposition previously 
considered of which the student is prepared to give the proof 
again when he refers to it. 
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6. No statement is true simphj because it appears to be true 
from a figure which the student may have drawn, no matter 
how carefully. Many cases will be found, for example, where 
angles appear equal when they are not so. 

c. The arrangement of the discussion of a theorem is as 
follows : 

Given. Here is stated, with reference to the figure which 
accompanies the proof, whatever is given by the theorem. 

To PROVE. Here is stated the exact conclusion to be de- 
rived from what is given. 

Pkoof. Here are set forth, in concise steps, the statements 
to prove the conclusion j\rst asserted. If the proof is written 
on the blackboai'd, the steps should be numbered for convenient 
reference by class and teacher. The teacher will state how 
much in the way of written or indicated authorities shall be 
required after each step. 

CoKOLLAKY. A coTollaiy is a proposition so connected with 
another as not to require separate treatment. The proof is 
usually simple, but it must be given with the same accuracy 
as that of the proposition to which it is attached. It is usually 
sufficient to say, This is proved in step 4 ; or, This follows 
from steps 2 and 5 by axiom 3, etc. In every case the stu- 
dent should (1) clearly prove the corollary, but (2) do so as 
concisely as possible. A corollary may also follow from a 
definition ; thus, from the definitions of Pi'ojfosition and Theo- 
reni the following might be stated as a corollary: Every 
theorem is a proposition, but not every proposition is a theo- 
rem ; and as a part of our definition of a Per'yjon we incor- 
porated the corollary (the term then being undefined) that a 
perigon equals two sti-aighfc angles. 

Note. Any item of interest may be inserted under this head. 

Exercises. 13. Of the proofs of the preliminary theorems, state which 
aie direct and wliioli indirect. (See note on p. 14.) 

14. IIow can you form a right angle Ijy paper folding ? Prove it. 
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1. TRIAHGLES. 

46. A figure is any uombination of lines and points formed 
undei' given conditions. 

E.g. an angle is a figure, for it is a combination of two lines and one 
point formed under the condition ttat tl>e two lines proceed from the point. 

47. A rectilinear figure is a figure of which all the lines are 
straight. 

Plane geometry treats of figui'es in one plane, — plane fiffures. 

Hence in plane geometry, which in this work extends through Books 
I to V inclusive, tlie word figure used alone denotes a, plane figure, and 
all propositions and definitions refer to such figures placod in one plane. 

48. If the two end-points of a broken line coincide, the fig- 
ure obtained is called a polygon, and the broken line its perim- 
eter The ^eiti&es of the angles made by the segments of the 
perimeter ire cJled the vertices of the polygon, and the seg- 
ments between the YertKes are called the sides of the polygon. 

49 The peumetei of a polygon divides the plane into two 
jiai-ts ine finite (the part inclosed), 
the othei infinite The finite part 
IS ciQled the burfac of the polygon, 
01 for bievity simply the polygon. 

A point 13 said to be within < 
Kith H^ the polygon acioiding as it 
lies within or w ithout this finite part. a polygon. 

The figure ABODE is a polygon (the sides heing produced for a sub- 
sequent definition) . 
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50. In passing counter-clockwise around the perimeter of a 
polygon tlie angles on the left are called the interior angles of 
the polygon, or for brevity eimply the angles of the polygon. 

Siich are the angles GBA, DCB, EDC, in the figure on p. 21. 

51. If the sides of a polygon are produced in the same order, 
the angles between the aides produced and the following sides 
ai'e called the exterior angles of the polygon. 

Such are the angles XBG, YGD, in the figure on p. 21. They 

are the angles tlirough which one would turn, at tlie successive corners, 
in walking around the polygon. 

52. A line joining the vertices of any two angles of a poly- 
gon which have not a common arm, is called a diagonal. 

Such a line would be the one joining A and C iu the figure on p. 21. 
The sides, angles, and diagonals of a polygon are often called its parts. 

53. A polygon which has A polygon which has all of 
all of its sides equal is called its angles equal is called equi- 
equilateral. angular. 



54. Two polygons are said 
to be mutually equilateral, or 
one is said to be equilateral 
to tlie other, when the sides of 
the one are respectively equal 
to the sides of the other. 



Two polygons -tie said to 
be mutually equiangular, oi 
one is said to be equiangnlai 
to the other, when the angles of 
the one ai'e respectively equal 
to the anijlas of the other. 



CZO [ 



D 



55. A polygon of three s 
four sides, a quadrilateral. 



3 called a triangle ; 
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56. Any side of a polygon may be called its base, tlie side 
on which the figure appeai-s to stand being usually ho called, 
as AB in the figure on p. 21. 

In the case of a triangle, the vertex of the angle opposite 
the base is called the vertex of the triangle, the iwigle itself 
beii^ called the vertical angle of the triangle, and the other 
two angles the base angles. 

Thus, in the first triangle on p. 26, C is the vertex of the triangle, Z C 
is the vertical angle, Z A and Z. B are the base angles. 

57. Two figures which may be made to coincide in all their 
parts by being placed one upon the othei' are said to be con- 
gruent. 

For example, two line-segments may be congruent, or two angles, or 



58. The operation of placing one figure upon the other so 
that the two shall coincide is called mperposition., and the 
figures are sometimes called superposable (a synonym of con- 
gment). 

This is illustrated in prop. I. 

Superposition is an imaginary operation. It is assumed as 
a postulate (§ 61) that figures may be moved about in space 
with no other change than that of position. The actual move- 
ment is, however, left for the imagination. 

59. It will hereafter be explained and defined that polygons 
of the same shape are called similar, the symbol of similarity 
being ^, and that those of the same aiea are called equal or 
equivalent, the symbol being =. Congruent figures are both 
similar and equal, and hence the symbol for congruence is ^, 
a symbol used in modified form by the great mathematician 
Leibnitz. 

The symbol -^ is derived from the letter' S, the initial of 
the Latin stmilis, similai'. 
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Maiiy writers use equal for congruent, aad equivalent for 
equal, as above defined. But because of the various meanings 
of the word equal, and its general use as a synonym for 



equivalent, the more exact word congruent with its s 

symbol is comii^ to be employed. The student should be 

familiar with this other use of the words equal and equivalent. 

60. It is customary to designate the sides 
of a triangle by the small letters correspond- 
ing to the capital letters which designate the 
opposite vertices. i 

Thus, in the fignre, side a is opposite vertex A, eto. 

61. It now becomes necessary to assume three other pos- 
tulates. 

Postulates of Motion. 

1. A figure may be ■nwved about in space unth no other 
ohartge than that of position, and so that any one of its points 
wiay be made to coincide with any assigned point in space. 

That is, we may pick up one polygon and place it on another without 
clian^ng its shape or size. 

2. A figure may be moved about in space while one of its 
points remains fixed. 

Such movement is called rolaiuin about a center, the center heing the 
fixed point. 

3. A figure may be moved about in space while two of its 
points remain fixed. 

Such movement Is called rotation about an axis, the axis heiiig the line 
determined by the two points. 
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Peopositiox I. 

62 Theorem If two triangles have two sides and the in- 
eluded angle of the om respectively equal to two sides and 
the included anijle oj^ tkt, other, the triangles are congruent. 



Given 




JBC, A'B'C snch that 



§ 61, 1 
§ 61,2 



b^b; ami 

To prove tliat A ABC^A A'B'C. 

Proof. 1. l'\a.cf, A A'B'C oa A AB Cm t\i3.t 
A' falls OQ A, and 
r' coincides with its equal i;. 

2. Then b' may be caused to fall on h, 

because A A' = Z. A, Given. ; *? 61, 3 

3. Then C will fall at C, 

because b' — b. Given ; 5 57 

4. .■. «' will coincide with a. § 28, 1 
('rwo points determine a straight line,) 

5. .'. AABC=AA'B'C', by definition of congi-uence. 

§57 

NoTKft. Tliis is a proof by superposition. 

The theorem may be stated, A triangle is determined wlien two sides 
and the included angle are ^ven. 

In the exercises hereafter given, the proofs are to be given in full ; 
when a question is asked, a proof of the answer is to be given ; when a 
theorem is suggested, it is to be completely stated and then proved. 
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Proposition 11. 



63. Theorem. If two triangles have two angles and the 
included side of the one respeetively equal to two angles and 
the included side of the other, the triangles are congruent. 



Given tlie A ABC and A'JS'C" suuh that 

Z 7? = Z B', and 

To prove that AABC'^AA'B'C 

Proof. 1. I'laro A A'B'C on A ABC so that a' falls on a and 
Z C coincides with its equal Z C § 61 

2. Then B' will fall on B because a' = a. Given 

3. Then e' will fall on c because ZB' = ZB. Given 
i. .'. A' will coincide with A. § 28, 2 

(Two straight lines determine a point.) 

5, .■. & ABC = A A'B'C, by definition of congruence. 
§ 57 
NoTK. Prop. 11, and prop. Ill following, are attributed to Thales. 



Exercises. 15. In the figure on p. 19, given 
that OA bisects angle XOr, and that OB is 
perpendicular to OA, prove tliat OB bisects 
angle rOX'. 

16. ^how that the distance BA across a lake 
may he measured by selling up a stake at 0, 
sighting across it to fl>: the lines A'B and B'A, 
laying off OA' = OA, and OW = OB, and then 
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64. Reciprocal Theorems. Tiie student will notice tliat prop- 
ositions I and II have a certain similarity. Indeed, if the 
words side and aiii/le are interchanged in prop. I, it becomes 
prop. II, and if intei-ehaaged in prop. II that becomes prop. I. 
Theorems of this kind ai'e called reciprocal. The relation is 
more cleai-ly seen by resorting to parallel columns. 

Prop, I. K two triangles have Prop. 11. If two triangles liave 

two sides and tlie included angle of two angles and the included side of 

the one respectively equal to two tlie one respectively equal to two 

sides and the included angle of the angles and the included side of the 

other, the tiiangles are congruent. other, the triangles are congruent. 

Moreover, if small letters and capitals are interchanged -in 
the proof of prop. I, the proof becomes that of prop. II. 

65. The principle involved, is called the Principle of Reci- 
procity, and is extensively used in geometry. But the student 
]nust not suppose that because a theorem is true its reciprocal 
theorem is also true ; in elementary geometry, involving 
measurements, the reciprocal is often false. The principle 
is, however, of gi-eat value even here, for it leads the student 
to see the relation between propositions, and it often snggests 
new possible theorems for investigation. For these purposes 
we shall use it. 

At present it is sufficient to say that for many theorems of 
plane geometry reciprocal theorems may be formed by re- 
placing the words 

2>oint by fiiie, 
line by j^oiut, 
angles of a, triangle by (opposite) sides of a triangle, 
sides of a triangle by (opposite) angles of a triangle. 



Exercises. 17. Explain this statement and tell why it is true ; Any two 

sides and the included angle of a triangle determine the remaining parts. 

18. State the rccipmeal of ex. 17 aiid tell whether it is true, and why. 
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PttOPOSITION III. 



66, Theorem. If two sides of a triangle are equal, the 
angles opposite those sides are equal. 




Given the AABCvfiih AC = BC. 

To prove tliat AA=/.B. 

Proof. 1. Suppose m to bisect Z //(J. 

2. Then ■.■}) = a, Given 

and /.hm — /Lma, 

3. .-.AAMC^ABMC, Prop. I 

(State prop. I.) 
and Z.A = iCB, by definition of congi-uen(«. § 57 

Corollary. If a triangle is equilateral, it Is also equi- 
angular. 

For by tlie theorem the angles opposite the equal sides are equal. 

67. Definitions. The line from any vertex of a triangle to 
the mid-point of the opposite side is called the median to that 
side. 

In the ahovo figure, CMis the riiediaii to AB. 

Tf a triangle has two equal sides, it is called an isosceles 
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The third side is called the base of the isosceles triangle^ 
and the equal sides are called the sides. 

A triangle which has no two sidea equal is ciilled a scalene 
triangle. 

The distance from one point to another is the length of the 
straight line-segment joining them. 

The distance from a point to a line is the length of the per- 
pendicular from that point to that line. 

That this perpendicular ia unique will be proved later. 

This ia the meaning of the word distance in plane geometry. In 
speaking of points on a curved surface (for example, the earth's surface), 
distance may be measured on a curved line. 

68. In the figure of prop. Ill, 

A AMC ^ A BMC, as proved. 
.-. AM=MB, 
and Z CM A = Z BMC, 
and hence each is a right angle. 

In cases of this kind the points A and B are said to he 
Bymmetric with respect to an axis. Hence, in the iigure, GM\s 
called an axis of symmetry. And, in general, two systems of 

points, Ai, Bi, 6'i, , J^, B^, Cj, , are said to be symmetric 

with respect to an axis when all lines, AiA^, BiB^, , are 

hisected at right angles by that axis. 

Also, two Jigvres are said to be st/mmetrie with respect to an 
axis when theii- systems of points are symmetric. 

A single figure, like that of prop. Ill, is said to be sym- 
metric with respect to an axis when this axis divides it into 
two symmetric figures. 



Exercises. 19. If four lines go out from a point making four angles 
of wh 1 tl e first and third are equal, and the second and fourth are 
equal prove that the four lines form two intersecting straight lines. 

20 I t) e figure on p. 19, if a line passes through O and bisects 
a gle 101 prove that it also bisects angle X'OC. 
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Proposition IV. 



69. Theorem. If two angles of a triangle are equal, the 
sides opposite those angles are i 




Given the AAISC v,-ith ZA =ZB. 

To prove that a =l>. 

Proof. 1. Suppose that a ^ b, 

and that a > l>. 

2. Then let BX, a part of a, equal h, and join A and X. 

3. Then ■.- ZiJ = Z fc'ylC, Given 
and AB~AB, 

.-.AABC^ABAX. Why ? 

4. .■.the supposition leads to an absurdity, for 

AABO h.BAX, Ax. 8 

(State ax. 8.) 
and .-. a-i>h. 
In the same way it may Ixs shown that o. <^b, 

CoKOLLARV. If a tfiani/le !s equianijidar, it is also C(jiii- 
lateral. (Why ?) 

Exercise. 21. If four points, A, B, C, D, are plaj^ed in order on a 
line. aiKi if AC = IW, prove that AB = CD. 
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Proposition V, 



70, Theorem. If any side of a triangle is produced, the 
exterior angle is greater than either of the interior angles 
not adjacent to it. 




Given the A ABC, with AB piodueed to X. 

To prove that Z XBC > Z.C, and also > Z BAC. 

Proof. 1, Suppose BC bisected at 3/, JJf drawn and produced 



toPs. 


D that MP = AM, and BP drawn 




Then 


■.■^BMP = ACMA, 


Why ? 




.-.ABPMSACAM, 


Why? 


and 


^PSM^Z-C. 


i 57 


But 


ZXBO^PBM. 


Why ? 




.■.ZXBO^C. 


Why? 



, Similai'ly, by producing CB, bisecting AB at N, 
producing €N, etc., it can be shown that an angle 
equal to Z XBC is greater tliau Z BAG. 



tJiat, in the figure of prop, V, /^XBOZBAC 
any point in the segment Ali 



Exercises. ! 
by following out in full the proof sugg 

23. In the figure of prop, V, join C 
and prove that Z CB^ + .i B-fC<180°, 

24. If a diagonal of a qaadrilateral bi; 
has two pairs of equal sides. 

25. How many equal lines can be drawn from a giver point to 
line ? Show that if another is supposed to he drawn, an absurdity 



ingles, the quadrilatoral 
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Proposition VI. 



71. Theorem, If two sides of a triangle are unequal, the 
opposite angles are unequal and the greater side hag the 
greater angle opposite. 



Given the A ABC, with a > b. 

To prove tliat ^A>ZB. 

Proof. 1. Supposed C'bisected by YV cutting A£ at D, CA' 
made equal to CA, and DA' drawn. 

2. Th.enAADC^AA'I>C,a3idZA = ZCA'U. Why? 

3. But Z CA'D > AB. Prop. V 
{% 70. If any side of a A is produced, tlie exterior angle is greater than 

eiilier of the int. A not adjacent to It.) 

4. .■,Z^I>Z7;. Subst, 2iii3 

Exercises. 26. State, without proof, the reciprocal of prop. VT. 

27. Can a scalene triangle have two equal angles f Proof. 

28. Prove prop. VI by dj'awing J.j4' instead of DA', and proving that 
/1A>ZA'AC = Z CA'A>ZB. 

29. ABCD is a quadrilateral of which DA is the longest side and BG 
the shoi-test. Which is greater, ZBorZD? Prove it. (SuggesUon : 
Draw BD.) Also ZGot ZA? Prove it. 

30. How many perpendiculars can be di-awn to a given line from a 
point ontaide that line ? Show that any other supposition violates 

31. ABC is a triangle having ZB = twice ZA; ZS'is bisected by a 
line meeting i at D ; prove that AD = BD, 
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Proposition VII. 

72. Theorem, J/" two angles of a triangle are unequal, 
the opposite sides are unequal and the greater angle has the 
greater side opposite. 



Why? 



Given the A ABC with /1A> ZB. 

To prove that a > b. 

Proof. 1. a ^ 5, for if a = li, then Z A = Z B. 

2. a < b, for if a < 6, then ZA<ZB. 

Prop. VI. State it. 

3. .'. a must be greater than b. 

NoTK. 11 must not tie inferred from props. VI, VII that, because one 
angle of a, triangle is twice as large as another, one side is twice as long 



Exercises. 32. Prove tliat if tlie bisector of any angle of a triangle is 
pei-pendiciilar to the opposite side, the triangle is isosceles. 

33. Suppose any point taken on the perpendicular hiseclor of a line; 
is it equally or unequally distant from the ends of the line ? Give the 
proof in full, 

34 a. Prove that in an isosceles 34 6. Prove that in an isosceles 

triangle ABC, where a = 6, the triangle ate, where Z-d = ZB, the 
bisector of Z C, produced to c, bisector of side c, joined to C, 
bisects side e. bisects Z G. 

35. After reading g 73, state the converse of each of the following : 
(a) prop. Ill ; (6) prop. IV ; <c) prop. VI ; (d) prop. VII ; (e) this state- 
ment, If the animal is a liorse, then the animal has two eyes. Of these 
converses, how many are true ? 

36. What feind of a triangle is formed by joining the mid-pointa of the 
sides of an equilateral triangle ? Prove it. 
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73. The Law of Converse, Two theorems ai'e said to be the 
converse, ettch of the other, when what is given in the one is 
what is to be proved in the other, and vice versa. 

E.g. props. VI and VIl. The eoaverse of a theorem must not be con- 
fused with its reciprocal. Props. I aad II are reciprocal, but not converse. 

Because a theorem is true its converse is not necessarily true. 

For example, ptel. prop. I may be stated thus : Given that A r and r' 
arert, 4, to prove that Zr = ZK; the converse is, Given that Z r = Zr", 
to prove that they are rt. A. This converse is evidently false, for Zr 
-could equal Zr' without their being rt. A. 

But there is one important class of converse theorems, illus- 
trated by props. IV and VII, that should be mentioned. When- 
ever three theorems have the following relations, their converses 
must be true : 

1. If it has been proved that when A > B, theti X> Y, and 

2. " " " A = B, " X = r, " 

3. " " " A<B, " X< Y, 
then the converse of each of these is true. For 

1'. li X>Y, then A can neither be equal to nor less than 
B, without violating 2 or 3; .\A>B. (Converse of 1.) 

2'. li X^Y, then A can neither be greater nor less than B, 
without violating 1 or 3 ; .-. A = B. (Converse of 2.) 

3'. If X < y, tlien A can neither be greater than nor equal to 
B, without violating 1 or 2 ; .-.AkB. (Converse of 3.) 

The law just proved will hereafter be referred to as the Law 
of Converse. By its use the proof of the converse of many 
theorems, where true, is made very simple. 

The student should not proceed further unless the Lav) of 
Converse is thoroughly understood, and its proof -mastered. 

Prop. VII may now be proved by the Law of Converse, 
thus: 

If a > 6, then Z vl > Z B. Prop. VI 

lta = f>, " AA = ZB. " III 

lia<b, " /LA<Z.B. " VI 

.■. each converse is true, and if Z ,1 > Z B, then a > b. 
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74. Suggestions as to the Treatment of the Exercises, Thus 
far the student has been left to iiis own ingenuity in treating 
tlie exercises. A few suggestions should now be given, 

1. In attacking a t/ieorein take the most general figure possible. 
E.g. if a theorem relates to a triangle, draw a si^afene triangle ; an 

equilateral or an isosceles triaugle often deceives the eye, and leads 
away from the demonstration. Draw all figures accurately ; an accurate 
figure often suggests Clie demonstration. But the etudeut who relies 
too much upon the accuracy of the flguw in the demonstration itself is 
liable to go astray. 

2. He certain that what is given and what is to be proved 
are clearly stated, with reference to the letters of the figure. 

This has heen done in all of tlie theorems thus far proved. The neglect 
to do so in the exercises is one of the most fruitful sources of failure. 

3. Then begin by assuming the theorem true; see what fol- 
lows from, that assumption ; then see if this can be proved true 
without the assumption; if so, try to reverse the process. 

E.g. suppose PO ± X'X, and PB, PA two obliques cutting oft OA > OB, 
as in the figure, and that it is required to prove 
PA > PB. Assume it true ; then /.b> ^a. 
Now see if Z 6 > Z a vnthovi the assumption ; 
Z6>Zc, which =Z<i, which >Zo, by prop, V; 
.■. Lb> La, without the assumption. Now re- 
verse the process; ■.■ Z6>Za, .-. PA>PB 
by prop. VII. 

4. 0/' hegi'o, by asswriiing the theorem false, and endeavor to 
show the absurdity of the assumption. (Iteductio ad absurdum.) 

5. To secure a clearer understanding of the theorem it is 
often well to follow Pascal's advice and substitute the defini- 
tion for the name of the thing defined. 

E.g. suppose it is to be proved that the median to the base of an isos- 
celes triangle is perpendicular to the base. Instead of saying ; 

' ' Given CM the median to the base of the isosceles triangle ABC" (see 
figure on p. 28), it is often better to say : 

" Given A ABC, with AC = BC, and M taken on AB so that AM 
= MB," tor then the facts stand out prominently without any confusing 
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Proposition VIII, 

75. Theorem. The mm of any two Sides of a triangle 
greater than the third side. 



Given the A ABC. 

To prove that 
Proof. 1 

2. And 




Siniilai'ly, 



CoKOLLAKY. The difference 
J less than the third side. 
For if B + 6 > c, and c > 6, then 



a + b>c. 
Z C bisected by CD. 
Z CD A >ZDCB. Prop. V. State it 
ZAC'D=ZDCB, Step 1 

ZCDA>Z.ACD. 

.■.b>AD. Prop. VII. State it 
a> DB. 
.•.a + b>c. 

of any two sides of a triangle 



- ft, Ijy a 



Eicercises. 37. Two equal lines, AC and AD, are drawn on oppo- 
site sides of a line ^Band making equal ajigles with it ; BC and ED are 
drawn. Show that BG and BD also make equal angles with AB. 

38. P, Q, R are points on tlie sides AB, BC, CA, respectively, of an 
equilateral triangle ABC, such that AP = BQ = CR ; joining P, Q, and 
R, prove that A PQS is equilateral. (Notice that ex. 36 is merely a 
special case of this one.) 

39 a. Tlie bisectors of the equal 39ft. Themid-pomtsof the equal 

angles of an isosceles triangle form, aiiles of an isosceles triangle form, 
with tite base, an isosceles triangle. with the vertex, the vertices of an 



Hosted by 



Google 



TRIANGLES. 



Pkoposition IX. 



76. Theorem. If from the ends of a eide of a triangle two 
lines are drawn to a point within the triangle, their sum is 
legs than the sum of the other two Hides of the triangle^ but 
they contain a a 




Given the A ABC, P a point within, and BP and PA 

To prove that (1) PP + PA<a + b, (2) Z APB >/LC. 
Proof. 1. Produce AP to meet a at X 
Then 

XP + PA = XA<XC + h, Ax. 8 ; prop. VIII 
(State ax. 8 and prop. VIII.) 
and BP < BX + XP. Prop. VIII 

2. .-. ISP + XP + PA < BX + XC + XP + S. 

3. .-..BP + PA< a + h, 

which proves (1). "Why? 

4. AlBo, 

Z APB > Z PXB > Z r, which proves (2). Why ? 

Exercises. 40 n. If the equal 406 If the equal anjifs of an 

sides of an isosceles triangle are iso'iceles triangle aie htsecl^d, the 
bisected, the iiiies joining the jjoinfs amies foimed bj thv hnes ni b: 
of bisection with the vertices of the sctmn and the eqiul sides are 
equal angles are equal. equal. 

41. The perimeter of a quadrilateral is less than twice tlie sum of its 
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Proposition X. 

77. Theorem. If two triangles have two sides of the one 
respectively equal to two sides of the other, but the included 
angles unequal, then the third sides are unequal, the greater 
J opposite the greater angle. 




Given tlie A ^i7?,C, and AiB^C^, with a^ = a^, ij = b^, but 

Z O Z C\. 
To prove that c^ > e^. 
Proof. 1. Suppose A^jSjCa placed on AAiB,C-i so that /j^ 

and hi, being equal, coincide. § 61 

Then '.■ Z.Ci> Z-C^, side a^ must fall within Z C„ 

as in Fig. 3. 

2. Suppose CJtf drawn bisecting ZB^CB,, and B^M 
drawn. 

3. Then in A B^AIC, BJIC, 

CB, = CBt, Given 

CM= CM, 
Z MCBi = Z A C3f. St<!p 2 

4. .-. ABiJtfC^A^iJfC, 

and iH"B, = MB,. Prop. I 

5. But AM + MB^ > AB^. Prop. VIII 

.-. AM+MBy > AB^, 
or c, > c,. 

The proof is the sanie when IS^ falls above A^Bi. 
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Proposition XI. 



78. Theorem. If two triangles have two sides of the one 
respectively equal to two sides of the other, but the third sides 
unequal, then the included angles are unequal, the greater 
angle being opposite the greater third side. 

Given A AJJ,C\ and AsB^C^, with «i = u^, h^ = b^, c, > c^. 

To prove that Z C, > Z Cj. 

Proof. 1. It has been shown that if lii = a^, ii = 6^, 



and if Z (7, > z 


: Ct, then c, > cj. 


Prop. X 


2, And if Z t\ - 


" " " = " 


Prop. I 


3. " " Z Ci < 


" " " < " 


Prop. X 



4. .■. the converses ai'e true, which proves t)ie tlieorem. 
§ 73. Law of Converse 
(Explain the r,aw of Converse. Since this law is so often used, 
it sboiiid be reviewed frequently.) 



Exercises. 43. Are props. X and XI reciproca 
43. Ill A ABC, suppose CA >AB, and that points P, Q are talten on 
AB CA re.spectively, so that PB = CQ. Prove that BQ<CP. 

44 Invesligale ex. 43 when Pis taken on jIS produced, and QoaAG 
pioduied 

45 The eqnal sides, AC, BC, of an i.sosceleB triangle ABC arc pro- 
duced through the vertex to P and Q respectively, so tliat AF = BQ. 
Prove that BP = AQ. 

46. Prove that the strjught line joining any two points is less than any 
broken line joLning them. 

47. Prove that the perimeter of a triangle is less than twite the sum 
of the three medians. 

48. In a quadrilateral, prove that the sum of either pair of opposite 
sides is less than the sum of its two diagonals. 

49. If the perpendicular from any vertex of a triangle to the opposite 
side divides that side into two segments, how does each of these segments 
compare in length with its adjacent side of the triangle ? Prove it. 
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Fkoposition XII. 



79. Theorem. If two triangleg have the three sides of the 
one respectively equal to the three sides of the other, the tri- 
angles are congruent. 



Given A ABC, AS'C, with AB = AB', BC = B'C, and 
AC = Aa 

To prove that A ABC ^ A AB'C. 

Proof. 1. Suppose no side longer than AC. Then the A, 
being mutually equilateral, may be placed with AC 
in common, and on opposite sides of AC. Draw BB'. 

2. Then Z CBB' = Z BB'C, Prop. Ill 
and Z B'BA = Z AB'B. Why ? 

3. .-. Z CBA = Z AB'C. Why ? 

4. .-.AABC^AAB'C. Why? 
jIC is evidently an axis of symmetry (§ fi8) in the 
figure. 

Exercises. 50. Suppose tliree sticks to be liinged together to form 
a, triangle, could the sides be moyed so aa to ciiange the angles? On 
what theorem does the answer depend ? How would it be with a hinged 
quadrilateral ? 

51. Ascertain and proTe whether or not a quadrilateral is determined 
when the four sides and either diagonal are given in fixed order. 

52. Also when the four sides and ojie angle are given hi fixed order. 

53. How many braces would it take to stiffen a three-sided plane 
figure ? four-sided ? five-sided ? 
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Pbopositiox XIII. 



80. Theorem. If two triangles have two angles of the one 
respectively equal to two angles of the other, and the sides 
le pair of equal angles equal, the triangles are 



congruent. 



Given A ABC, A'B'C, with Z ^ = Z J', Z 7? = Z i", S = b'. 

To prove that A ABC ^ A A'B'C. 

Proof. 1. Place A A'B'C on A ABC so that ^' falls at A, 
A'B' lies along ylB, and C and C both lie on the 
same side of AB. § 61 

2. Then because Z. A = A A', and b ~ b', />' coincides 
with 6, and C ' with C. 

3. Now B' cannot fall between A and B, as at X, for 
then Z CXJ, which — Z B', would be greater than 
Z B. Prop. V. State it 

4. Neither cau B' fall on AB produced, as at Y, for then 
Z Y, which = Z B', would be less than Z B. 

Prop, V 

5. .■. £'niuBt fall at B, and the A are congruent. § 57 

Exercises. 54. If TO meets X'X at O, and YA, YB are drawn mect^ 
ingX'Xa.1 A, ii; and if r,4 = TB, and AO^ OB, which is the greater, 
/.AYOotAOYB? 

55. Consider tlie diagonals of an equilateral quadrilateral, (a) as to 
their hisecting each other, (b) as to the kind o£ ajigles they make with 
each other. Htate the theorems which you discover and prove tliem. 
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Propositi ON XIV. 



81. Theorem, Jf two triangles have two sides of the one 
respeeUvely equal to two sides of the other, and the angles 
opposite one pair of equal sides equal, then the angles opposite 
the other pair of equal sides are either equal or supplemental, 
and if equal the triangles are congruent. 



Given & ABC, A'B'C, with a = a',b = h', /. B = A B'. 

To prove that either (1) Z ^ = Z ^4' and A ABC'^AA'B'C, 
or (2) Z ^ + Z ^' = St. Z. 

Proof. 1. Place A A'B'C on A ABC so that B' falls at B, 

a' coincides with its equal a, and A' and A fall on 
the same side of a. § 61 

2. Then ■.■ /LB^/. B', B'A' lies aloog BA. 

3. Then either A' falls at A, the A are congruent and 
Z.A = ^A'; or else A' falls at some other point on 
BA, as at X, and A A'B'C ^ A XBC. 

4. But -.■ CX=h'^h, 

.-. LA^Z. CXA. Prop. III. State it 
6. And 
■.- Z CXA + Z BXC = St. Z, S 14, def. st. Z 

.■. Z^ +Z.-1' = st, Z. 

Exercises. 66. In prop. XIV, step 3, X may lie on BA produced, ia 
some cases. Draw the figure and prove. 

57. In prop. XIV prove that Z^ and Z^' must be equal. If (1) they 
are o£ the same species (i.e. both right, both acute, or both obtuse); or 
(2) angles B aud C are both right angles ; or (3) 6 ■< a. 
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2. PA&ALLELS AND PAKALLELOGBAUS. 

83. Definitions. If two straight lines in tlie same plaof 
not meet, however far produced, they 
are said to be parallel. \ 

A V — 

E.g. A and B in the annexed figure. B V ■ — -"~ 

The fact tbat A is parallel to B is indi- V 

cated by the symbol A II B. 



A. line cutting two or more lines i, 
those lines. 

In the figure of the parallel lines, T is 
Tbe adjacent figure shows a transversal o£ 
two non-parallel lines. The figure on p. 46 
shows a transversal of tliree lines. 

The angles formed by a traasver- 
sal cutting two lines (parallel or not) 
have received special names. Thus, ii 



called a transversal of 



a transversal of A and B. 




the annexed figure, 
d' are called exterior angles ; 
d are called interior angles ; 

also b and d', r. and c 



' are called alternate anglei 
h' and d 



angles ; also h and !/, c and c 
d and d'. 



58. Angle A, of triangle ABC, is bisected by a line meet- 
ing BC at P. Which is the longer, AB or BP ? Prove it. Also CA 
or PC? Prove it. 

59. State the reciprocal of prop. XIII, and tell whether it is true 
without modification. In what proposition is yonr statement proved ? 

60. If a quadrilateral has two pairs of equal sides, prove that it must 
have one pair and may have two pairs of equal angles, depending upon 
the arrangement of the sides. 
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Proposition XV. 



83. Thftnem. If a transversal of two Hues makes a pair 
of alternate angles equal, then (1) any anyle is equal to its 
alternate angle, {$) any angle is equal to its c 
angle, and (3) any two interior, or any two exterior, a 
on the same side of the transversal are supplemental. 



Given a transversal cutting two lines, making equal alter- 

nate /& d ajid h' as in tho figure. 
To prove tliat (1) Z a = Z p', 

{2)Z«^Z< 
(3) Z 6 + Z c' = St. Z. 
Proof. 1. Z ^ + Z « = St. Z, 

and Z i' + Z <;' = st. Z. § 14, def. st Z 

2. .-. Zrf-|-Za = Z6' + Zc'. Why? 

3. .■. Z a =Z e', which proves (1). Ax, (?) 

4. ■.■Zp' = Zo', .". Z «— Z u', which proves (2). 

5. Now ■■■ Z.b'= /^d, and Zd = Z. h, Why ? 

.-. /-h' = Ah. Why? 

But ■ . ■ Z ?/ + Z <i' = st, Z, § 14, def. st. Z 

-■. Z5 + Zy' = St. Z. 

CoROLLAETES. 1. If two correspondtnrf angles are equal, 
the same three conclusions follow. 

2. If two interior or two exterior angles on the same side of 
the transversal are supplemental, the same conclusions follow. 
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Proposition XVI. 

84. Theorem. If a transversal of two lines makes a pair 
of alternate angles equal, the two lines are parallel. 



Given P and P', two lines, cut by a transversal T, making 

equal alternate A c and a'. 

To prove that P II P'. 

Proof. 1. P, P' cannot meet towards P', for then A c would 
be an ext. Z of a A, and .■, Z. e, would be greater 
t)ian Z a'. Prop. V. State it 

2. P, P' cannot meet towards P, for then /La' would 
be greater than Z c. Why ? 

3. .■. P, P' cannot meet at all, and P II P'. Def. parallel 
Similarly any other two alt. A may be taken equal. 

CoKOLLAKiBS. 1. If two eorrespondimj awjles are equal, 
the lines are parallel. 

For then two alt. J are equal. Prop. XV, cor. 1, wWch says— (?) 

2. If two inferior or two exterior angles on the same side of 
the transversal are supplemental, tlie lines are parallel. 

For then two alt. A are equal. Prop. XV, cor. 2, which says— (?) 

3. Two lines perpendicular to the same line are parallel. 
(Why ?) _^__^__ 

Exercises. 61. In prop, XVI would lines 
bisecting Z a' and Zcbe parallel ? Prove it. 

62. Show that if a draughtsman's square 
slides along a ruler, as in the annexed figure, 
B,Ci II KjCb, and A,C\ II Aid. 



Hosted by 



Google 



4G PLANE GEOMETRY. [Bk. I. 

85. Postulate of Parallels. It now becomes necessary to 
assume another postulate, and npon it rests much of the ele- 
mentary theory of paiallels. It is : Two intersecting straight 
lines cannot both be parallel to the same straight line. 

CoEOLLAEY. A line cutting one of two parallel lines cuts 
the other also, the lines being unlimited. 

(Show that the corollary ia necea^rily true H the postulate is.) 



Proposition XVII. 

86. Theorem. The alternate angles formed hy a trans- 
versal with two parallels are equal. 



Given F and I" two parallels, aiid T, a transversal. 

To prove that any Z k equals its alternate Z a'. 
Proof. 1. Suppose Z.g> /I a', and that Q m drawn as in the 
figui-e, making an Z eqnal to Z a'. 

2. Then Q would he i>ajallel to J". \Vhy ? 

3. But this would be impossible, ■-■ F 11 P'. § 85 
(Two intersecting straight lines cannot botli be parallel to the same 

Btiaight line ) 

4. Similarly, it is absurd to suppose that Z.ti' > Z. c. 

Z> =Za'. 

COEOLLARIES. 1. A line perpendicular to one of two paral- 
lels is perpendicular to the other also. 

For it cuts the other (§ 85, cor.) and tlie alternate angles are equal 
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2. A line eiiUlng two parallels makes covrespondimj angles 
equal, and the interior, or the exterior, angles on the sam.e side 
of the transversal supplemental. 

For tLe alternate angles are equal (prop. XVII), aud hence prop. XV 

3. If the alternate or the corresponding angles are unequal, 
or if the interior angles on the same side of the transversal 
are not supplemental, then the lines are not parallel, but meet 
on that side of the transversal on which the sum of the inte- 
rior angles is less than a straight angle. 



For the lines oannc 


It be parallel, by prop, XVII and cor. 2. 


Further, suppose 


Z c + / 6' < St. Z ; 


then 


:■ Za' + Zb' ^sl.Z, 


it follows that 


Z c < ^ o'. 


.-. P and P' caniio 


t meet towards P", for tJien Z c would be 


than Z a', prop. V. 




Let the student give the proof in full form, in steps. 




4. Two lilies respectively perpendicular to two intersecting 
lines cannot be parallel. 

For, in the annexed figure, let AB i.X, CD X Y; 
join A «bA C. Then Z BAG < rt. Z, and Z ACT) 
< rt. Z ; .■. their sum is < St. Z ; .■, cor. 3 applies. 

Give proof in fall form in steps. 

5. If the arms of one angle are parallel or perpendicular 
to the arms of another, the angles are equal or supplemental. 

The proof is left to the student. 

Exercises. 63. In the figure of prop. XV, suppose a = c' = 120° SO", 
how large is each of the other angles ? 

64. In the same figure, suppose a + d' = st. Z, and a = 2d, how large 
is each of the other angles ? 

65. If a transTersal outs two lines making the sum of the two interior 
angles on the same side of the transversal a straight angle, one of them 
being 30° 27', how large is each of the other angles ? 
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PLANE GEOMETRY. 



Proposition XVIII. 



87. Theorem. Lines parallel to the same line are paral- 
lel to each other. 




Given A II M, aiid B II M. 

To prove that A II £. 

Proof, 1. Suppose T a transversal, making corresponding 
A a, m, b, with A, M, B, respectively. 

2. Then ■.■ A W M, 

.-. Z rt = Z m. Prop. XVII, cor. 2 

3. And ■■■ B W M, .■./Lh = A m. 

4. .-. Z,x = Zft. Why? 

5. .-. A II B. Prop. XVI, cor. 1. State it 



Exercises. 66. In projj. XVIII, if T cats A, must it necessarily cut 
M? Why ? If it cuts M, muist it necesaarily cut B ? Wliy ? 

67. Prove tliat a line parallel to the base of an isosceles triangle 
makes equal angles with the sideiS or tlie sides produced. {The line may 
pass above, through, or below the triangle, or through the vertex.) 

68. If tlirough any point equidistant from two parallels, two trajisver- 
sals are drawn, prove that they will cut oft equal segments of the parallels. 

69. ABC is a triangle, and through P, the point of intersection of 
the bisectors of Z It and Z C, a line is drawn parallel to BC, meeting AB 
at Jlf, and CA at N. Prove that MN = Jf B + CN. 

70. Through the mid-point of the segment of a transversal cut off by 
two parallels, a straight line passes, terminated by the parallels. Prove 
that this line is bisected by the transversal. 
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Pkoposition XIX, 
88. Theorem. In any triangle, (1) any exterior angle equals 
the sum of the two interior non-adjacent angles; {$) the swm 
of the three interior angles is a straight angle. 



Given A ABC, with AB produced to X 

To prove that (1) Z XBC = Z A + Z C; 

(2) Z A+ Z B + Z C = St. Z. 
Proof. 1, Suppose BVW AC, and A named as in the figure. 



2. Then 


Z I = Z o, 




Wky? 


and 


Z!, = Z.. 




Why? 


3. .■.Zx + Z^, 


or /LXBC, - 


= £a, + A,, 





which proves (1). As. 2 

4. But Zx + Zy-\- Zh = st. Z. Def, st. Z 

5. .-. Za + Z6 + Zc = st. Z, 

by substituting 3 in 4, which proves (2). 

Notes. 1. Prop, XIX, (2), is attributed to Pythagoras. 
2. The theorem is one ot the most important of georactry. To it and 
to its corollaries (p. 50) frequent reference is hereafter made. 

Exercises. 71. PQH is a triangle having PQ = FR ; RP is produced 
to 8 so that FS = RP: QS is drawn. Prove tliat QS ± EQ. 

72. Prove prop. XIX, (2), by drawing through C, in tlje figure given, 
a line II AB. 

73. Also by assuming any point P on AB, drawing PC, and showing 
that Z BPC + A CPA =^t.Z, and also equals the sum of the interior 
angles. 

74. State the reciprocal of prop. VIII, and prove or disprove it. 
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Corollaries to prop. XIX. 1. If a triangle has one 
nght angle, or one obtuse angle, the othffr angles are aeute. 
For the sum of all tiaee ia a straight angle. 

2. Every triangle has at least two acute angles. 

For if it had none or only one, the sum of the others would equal or 
exceed what kind of an angle, and thus violate what theorem ? 

3. From a point outbide a given line not more than one 
perpendicular can be drawn to that line. 

For if two could be drawn, a triangle could be formed hating how 
many right angles, thus vjolating what ooroUaiy ? 

i. If a triangle has a right angle, the two acute angles are 
complemental. 

For the sum ol all three must equaJ two right angles ; therefore, etc. 

5. If two triangles have two sides of the one respectively 
equal to two sides of the other, and the angles opposite one 
pair of equal sides right angles, or egual obtuse angles, the 
triangles are congruent. 

For prop. XlVthenappliea; the ohliqae angles cannot be supplemental. 

6. If two angles of one triangle equal two angles of another, 
the third angles are equal. (Why ?) 

7. Two triangles are congruent if two angles and any side 
of the one are respectively equal to the corresponding parts of 
the other. (Why?) 

8. Bach angle of an equilateral triangle is one-third of a 
straight angle. (Why ?) 

89. Definitions. A triangle, one of whose angles is a right 
angle, is called a right-angled triangle. 

A triangle, one of whose angles is an obtuse angle, is caHed 
an obtuse-angled triangle. 

A triangle, all of whose angles are acute, is called an acute- 
angled triangle. 

The side opposite the right angle of a right-angled triai^le 
is palled the hypotenuse. 
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90. Summary of Prof t ons n ekn Conrruekt 
Triangles. Two ti-iai^l s ar on uent f he following 
parts of the one are equal to he o pon n parts of the 

1. Two sides and the included angle. Prop. I 

2. Two angles and the included side. Prop. 11 

3. Three aides. Prop. XII 

4. Two angles and the side opposite one, Prop. XIII 

or, more generally, two angles and a side. 

Prop. XIX, cor. 7 
6. Two sides and the angle opposite one, provided that angle 
is not acute. Prop. XIV, and prop. XIX, cor, 5 

If the angle !s acute, then, from two sides and the acute angle opposite 
one of them two diSerent triangles may be possible. Thia Is therefore 
known as the ambiguous case. If the side opposite the acute angle ia not 
less than tlie given adjacent side, the case is not ambiguous. Why ? Draw 
the figures illustrating the ambiguous case. 

These propositions can be summarized in one general propo- 
sition : A triangle is determined when any three independent 
parts are given, except in the amHgtioua ease. 

It should be noted that the three angles are not three independent parts, 
since when any two of them are given the third is determined. (Prop. 
XIX.) 

Exercises, 75. In a righl-angled triangle, the mid-point of the hypote- 
nuse ia equidistant from the three vertices. (Suppose a line drawn from 
the vertex C of the right angle making with a an angle equal to Z B.) 

76. In a right-angled triangle, a perpendicular let fall from the vertex 
of the right augle, upou the hypotenuse, cuts oS two triangles mutually 
equiangular to the original triangle. 

77. lia±x and b ±y, and x intersects {/, then Z db = Z xy. 

78. In the annexed figure, Z aa, = Z bb^. Prove that 
(1) Zaai = Zab + Zbaj; (2) Zbb, = Z ftoi + Zajb,. 

79. How many degrees in each angle of an isosceles 
right-angled triangle? also of an isosceles triangle wliose 
vertical angle is 72° ? 178=? 60'? 
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PLANE GEOMETRY. 



Proposition XX. 



91. Theorem. Of all lines drawn to a given line from a 
given external point, the perpendicular is the shortest; of 
others, those making equal angles with the perpendicular 
are equal ; and of two others, that which makes the greater 
angle with the perpendicular is the greater. 




Given FO _L XX'; FA, FA', PB, oblique to XX', with 

Z A'FO = Z OF A < Z OFF. 
To prove that (1) FO < FA, 

(2) PA' = PA, 

(3) PB > PA, OP PA'. 

Proof. 1. j:pAO<Z.AOF. Prop. XIX, cor. 1 

2. .-. FO < FA, which proves (1). 

Prop. VII 

3. Z yl OP - Z FOA', Preh prop. I 
AA'PO^ZOPA, Why? 
and FO = PO. 

4. .-.IlAOF^AA'OF, 

and. PA' = P^, which pi'oves(2). Why? 

5. Z BAP is obtuse, -.' it > Z AOF, Prop. V 
and ZPifO is acute, ■-■ Z POP is rt. Why? 

6. -■- PB > PA, or its equal PA', 

by step 4, which proves (3). Prop. VII 
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Corollaries. 1. From a given external point there can be 
two, and only two, equal obliques of given length to a given line. 
Prove it by a redMCtio ad obmrAwm. 

2. If from a point not on a perpendicular drawn to a line 
at its mid-point, lines are drawn to the ends of the line, these 
lines are unequal and the one cutting the perpendicular is the 
greater. 

Let Z be the point, not on OP in the figure. Suppose ZA' to cut OP 
at Y. Then ZA' = ZY+YA> ZA. 

3. The eonverse of cor. 2 is true. 

For if ZA' cute OP, then ZA' > ZA, by oor. 2. 



.-. the Law of Converse (§ 73) evidently applies to this case. 

4. Of two obliques from a point to a line, that which meets 
the line at the greater distance from the foot of the perpen- 
dicular is the greater. 

Forif 0B>0.4,then^0PB>Z0PA. (Why?) .-. prop. XX applies. 

5. Two obliques front a point to a line, meeting that line at 
equal distances from the foot of the perpendicular, are equal, 
make equal angles with this line and also with the perpen- 
dicular. 

Give the proof in full. 

6. Two equal obliques front a point to a line cut off equal 
segments from the foot of the perpendicxdar. 

Draw the figure. It will then be seen tliat prop. XIX, oor. 6, applies. 
The _L is evidently an axis of symmetry (§ 68). 

Eiercises. 80, A line perpendicular to the bisector of any angle of a 
triangle makes an angle with either arm of that aJigie equal to half the 
sum of the other two angles ; and, unless parallel to the base, It makes an 
angle with the line of the base equal to half the difference of those angles. 

81. In an isosceles triangle, the perpendicular from the vertex, the 
median to tlio base, and the bisector of the vertical angle all coincide. 
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PLANE GEOMETRY, 



[Bk. 



98. Definitions. A polygon is said to be convex when no 
side produced cuts the surface of the polygon. 

-^ polygon is said to be concave when a, side produced cuts 
the surface of the polygon. 

A polygon is said to be cross when the perimeter crosses 
itself. 

The word polygon is understood, in elemeiitary geometry, to refer to 
a convex or concave polygon unless the contrary if 




If all of the sides of a polygon a 
the figure is called a general 
polygon. 

If a, polygon is both equi- 
angular and equilateral, it is 
said to be regular. 

By tiie term regular ■polygon, a 
regular coivoex polygon is undor- 
stood unless the contrary Is stated. 

A polygon is called a tri- 
angle, quadrilateral, penta- 
gon, hexagon, heptagon, "^ 
octagon, nonagon, decagon, 

dodecagon, pentedecagon, . 

has 3, 4, 5, 6, 7, 8, 9, 10, 12, . 

The student, even if unacquainted with Latin or Greek, should under- 
stand the derivation of these common terms. From the Latin are derived 
the words and prefix tri-angle (three-angle), qvadrUlatefal (four-side), 
nonor- (nine) ; from the Greek are derived poly-gon (many-angle), penta- 
(flve), fl«ca-(six), hepta,- (seven), octo- (eight), deca- (ten), (ioiieco- (twelve), 

Much light will be tlirown on the meaning of v 

terms by consulting tlie Table of Etymologies in the Appendix. 



. n-gon, according a 
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Proposition XXI, 

93. Theorem. The mm of the inturior angles of an ii-gon 
18 (n — ^) straight arigles. 




Given F, a polygon of n s: 

To prove that the sum of the interior angles is {n — 2) straight 

angles. 
Proof. 1. 1' may be divided into (n — 2) & by diagonals which 
do not cross ; for, 
(a) A 4-gon (quadrilateral) is a, A + a A, 

.■.2&, or (4-2) A. 

(h) A 5-gon (pentagon) is a 4-goii + a A, 

• ■.3 A, or (5-2) A. 

(c) A 6-gon (hexagon) is a 5-gon + a A, 

.■.4 A, or (6-2) A. 

(d) And every addition of 1 side adds 1 A. 
(y) .-. for an H-gon there are (n - 2) A. 

2. The sum of the A of each A is a st. Z. Pi'Op. XIX 

3. .'. the sum of the interior zS of an n-gon is (n — 2) 
St. A, because these equal the sum of the A of the A. 

CoROtLAKT. If each of two angles of a quadrilnteral is a, 
right angle, the other two angles are supplemental. (Why ?) 



Exercise. 82. How many diagonals ii 
hexagon ? 
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94. Generalization of Figures. If a therm ometfir registers 70° 
abovR zero, it is ordinarily stated, in scientific works, that it 
regihteis + 70", while 10° below zero is indicated by — 10°, 
the sign changing fiom + to — as the temperature decreases 
thiough zeio, feimiiaily, west longitude is represented by the 
sign +, while longitude on the other side of 0° (i.e. east) ia 
lepresented by the sign — , the longitude changing its sign in 
passing thiough zeio. bo in speaking of temperature it is 
said that 10" + (— 10°) = 0, meaning tliei-eby that if the tem- 
perature rises 10° from 0, and then falls 10°, the result of 
the two movements is the original temperature, 0. 

Tliis custom holds in geometry. Thus, in this figure, if the 
segment between B and C is thought of as extending from B 
to C, it would be named BC ; and, 

as is usually done in geometry with { ^ , 9 

lines thought of as extending to the 

right, it would be considered a. positive line. But if it is thought 
of as extending from C to S, it would be named CB, and con- 
sidered a negafAve line. Hence it is said that BC + CB = 0, 
an expression borrowed from algebra, where it would appear 
in a form like x + {— x) = (i. 

Similarly, with regard to angles : the turning of an ai'm in 
a sense opposite to that of a clock-hand, counter-clockwise, 
is considered positive, while the turning 
in the opposite sense is considered nef/a- 
tive. Thus, Z XOA is considered posi- 
tive, but the acute jCAOX is considered 
negative, and this is indicated by the state- 
ment, — Z.XOA = acute -^ AOX. Hence, as i 
lines, Z XOA + (- Z. XOA) = Z. XOA + acute AAOX= zero. 
On this account we pay special attention to the manner of 
lettering angles, distinguishing between Z. XOA and ZAOX. 
It is only recently that negative angles have been considered 
in elementary geometry, and hence the older works paid no 
attention to the order of the naming of the arms. 
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95. These considerations enable us to generalize many fig- 
ui'es, with interesting results. Thus, prop. SXI is true for a 
cross polygon as well as for the simple cases usually consid- 
ered. If, in Fig. 1, P is moved through AB to the position 




shown in Fig. 2, we shall still have A A (which has passed 
through and has become n^ative) +AB + /.C-\-Z.P 
(which is now reflex) = 2 st. angles. 



Exercises. 83. Prove tlie last statement made above. 

84. How itiaDy points ai iiiWrsection, at most, of the sidee of a gen- 
eral quadrilateral ? pentagon ? 

85. How many diagonals, at most, has a general quadrilateral ? 

86. Prove prop. XSI by connecting each vertex with a point O witliin 
the figure, thus forming n iSi, giving n St. A, and then subtracting the two 
around 0. 

87. In an isosceles triangle, the perpendiculars from the ends of the 
base to the opposite sides are equal. 

88. If the bi>«ctorof the vertical angle of a triangle also bisects the 
base, the triangle is isosceles. 

89. If the base AB of A ABC is produced to X, and if the bisectors 
of ZXBC and ZBJC meet at P, what fractional part is^Pof Z C? 

90. Given two parallels and a transversal, what angle do the bisectors 
of the interior angles on the same side of the transversal make with each 
other? 

91. If one angle of an isosceles triangle is given, and it is known 
whether it is tlie vertical angle or uot, tlion the other two angles are 
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Proposition XXIL 

96. Theorem. The sum of the exterior angles of any poly- 
gon is a perigon. 



Given P and Q, two ra-gons. 

To prove that the sum of the exterior A = 



. 1. 


In 1', each interior Z. + its adjacent exterior Z 




= 180°. § 14, def. St. Z 


2. 


.-. sum of int. and ext. A = n- 180°. Ax. (i 


3. 


But sum of int. A = (n-2)- 180°. Why ? 


i. 


.-. sum of ext. A = 2- 180° = 360°. Ax. 3 



The proof for Q is the a 



I, if Z (s is considered negative. 



Exercises. 92. Ea«h esterior angle of an equilateral triangle equals 
how many times each interior angle ? 

93. Each exterior angle of a regular lieptagon equals what fractional 
part of each interior angle ? 

94. Each exterior angle of a regular n-gon equals what fractional 
part of each interior angle ? See if the result found is true if n = S, or 4. 

95. Is it possihie tor the exterior angle of a regular polygon to be 
70°? 72°? 75° P 120°? 

96. Prove prop. XXII independently of prop \\I bv taking a point 
anywhere in the plane of the figuie (mside o: 
the polygon, or on the perinieter) and drawing pai 
allele to the sides from that point, ind showing thit 
the sum of the exterior angles einW the peiigon 
ahout that point. 
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97. Definitions. A ijuadrilateral whose opposite sides are 
parallel is called & parallelogram. 

A quadiilateral that has one pair of opposite sides parallel 
is called a trapezoid. 

Trapezium is a t«rm often applied to a quadrilateral uo two of wliose 
sides are parallel. 

By the definition of trapezoid here given it will he seen that the paral- 
lelogram may be considered a special form of the trapezoid. 

The parallel sides of a trapezoid are called its bases, and are distin- 
goished as upper and liwer. 

IT the two opposite aon-parailel sides of a trapezoid are equa,l, the 
trapezoid is said to be isosceles. 






ni\ 



ParallBlogram. Trapezoid. Isosceles trapezoid. 

In the ahoye figures, angles A, B, or B, C, or 0, D, or D, A, are oalle 
consecutive angles. Angles A, C, or B, D, are called opposite angles. 



Exercises. 97- If the student has proved ex. 00, let liini prove prop. 
XXI from that. 

9&. Prove that the quadrilateral formed by the bisectors of the angles 
of any quadrilateral has its opposite angles supplemental. 

99. Show that in es. 98 the angles bisected may be eitlier the four 
interior or the four exterior angles. 

100. If from the ends of the base of an isosceles triangle perpendicu- 
lars are drawn to the opposite sides, a new isosceles triangle is formed, 
each of its base angles being half the vertical angle of the original triangle. 

101. The hypotenuse is greater than either of the other sides of a right- 
angled triangle. 

102. From the vertex of the right angle of a right-angled triangle, is it 
possible to draw, to the hypotenuse, a line longer than the hypotenuse ? 
Proof. 

103. A line from the vertex of an isosceles triangle to any point on the 
base produced is greater than either side. Is this also true for a scalene 
triangle ? 
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Pkoposition XXIII. 



98. Theorem. Any two consecutive angles of a parallelo- 
gram are supplemental, and any two opposite angles are 
equal. 



Given O ABCD. 

To prove that (1) Z J + Z ^ = st, Z, 
(2) AA = AC. 

Proof. 1. Z ^ + Z if = fit, Z, which proves (1). 

Prop. XVII, cor. 2 

2. Z £ + Z 6' = St. Z. Why ? 

3. .-.^A+^B^^B + AC. Why? 

4. .■.AA = /L C, which proves (2). Why ? 

(JoKOLLAKY. //" one angle of a parallelogram is a right 
oMijle, all of its angles are right angles. (Why ?) 

99. Definitions. If one angle of a parallelograau is a right 
angle, the parallelogram is called a rectangle. 

By the corollary, all angles ot a rectangle are right angles. 

A parallelogram that has two adjacent sides equal is called 
a rhombus. 

It is shown in prop. XXIV, cor. I, that s 
of its sides are equal. 



A rectangle that has two adjacent 
sides equal is called a square. 

It is shown in prop. XXIV, cor. 1, that ail 
of its sides are equal. A square is thus seen to be a special form of a 
rhombus. 



Square. 
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100. Theorem. In any parallelogram, (1) either c 
divides it into two congruent triangles, (2) the opposite sides 
are equal. 



i^ 



Given O AJSCD. 

To prove that (1) A ABC ^ A CDA, 

(2) AB = DC. 

Proof. 1 , 1,1 the figure, Z a: = Z x', Z j/ = Z y', and ^ C = J f. 

I'rop. (?) 

2. .-.A^BC^A Ciiyl, which proves (1). I'rop. H 

3. .-. AB = DC, which proves (2). § 57 
Similarly for diagonal BD, and sides BG and AD. 

CoKOLLAKiES. 1. Jf two adjacent sides of a parallelogram 
are equal, all of its sides are equal. 

For lij step 3 the other sides ore equal tc these. 

Hence, as stated in g 98, all of the sides of a rhombus are equal. 

2. The diagonals of a parallelogram bisect each other. 

For if diagonal BB cuts ^C at O, then, by prop, II, A ABO^ A GBO, 
whence AO = OC, and BO = OB. 

In the annexed flgnre, if a and a' are perpendicular to P and P', two 
parallels (prop, XVII, cor, 1), they are parallel 

(prop. XVI, cor. 3). Hence a = a', by prop. P T n ' 

XXIV, This fact is usually expressed by p; J i 

saying, 

3. Two parallel lines are everywhere, equidistant from each 
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PLANE GEOMETRY. 



Proposition XXV. 



101, Theorem. If a convex quadrilateral has two opposite 
sides equal and parallel, it is a parallelogram. 




quadrilateral ABCD, with ATi — DC, and 



AB II DC. 




To prove that ABCD is a parallelogram. 




Proof. 1. In the figure Z,t: = Z a:', 


Prop. (?) 


]!D ^ BD, and AB = DC. 


Given 



2. .-. A ABB ^ A CDB, amlZ.'>/ = Z y'. ■ Prop. (?) 

3. .-.BOW AD. Prop. XVI 

4. ,-. ABCD is a O by definition. 

Exercises. 104. It is shown in Physics that it two forces are pulling 
from the point B, and the first force is represented (see fig, to prop. XXV) 
by BJ, and the second by BC, the resultant (resulting force) will be rep- 
resented by the di^onal BB. Show that, if the two forces do not pull in 
the same line, the resultant is always less than the sum of the two forces. 

105. If two equal lines bisect each other at right angles, what figure 
is formed by joining the ends? 

106. If the diagonals of a rectangle are perpendicular to each other, 
prove that the rectangle is a sciuare. 

107. On the diagonal BD of O ABCD, P and Q are so taken that 
BP = QD. Show that APCQ is a parallelogram. Suppose P is on DB 
produced, and Q on BD produced. 

108. Prove that the di^onals of a rectangle are equal. Prove tlxat 
the diagonals of a rhombus are perpendicular to each other and bisect 
the angles of the rhombus. 
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Pkoposition XXVI. 

102. Theorem. If two parallelograms have two adjacent 
sides and any angle of the one respectively equal to the 
corresponding parts of the other, they are congruent. 



1 \i:\ 



Given IS ABCD, A'B'C'D', in whidi AB = A'B', AD = 
A'D', 3.nd Z I) = Z B'. 

To prove that O ABCD^ CJ A'B'C'D'. 

Proof. 1. Z A = Z. a; Z B = Z B; Z C = Z C; for they are 
equal or supplemental to I) or D'. Prop. XXIII 

2. CD = CD', BC = B'C, for they ace equal to sides 
that are known to be equal. Prop. XXIV 

3. Apply EJ ABCD to CJ A'B'C'D' so that AB coin- 
cides with its equal A'B', A falling on A'. Then AD 
can be placed on A'D' because ZA=:ZA'. Then 
D will fall on D', because AD = A'D'. Similarly, 
C will fall on C, and CB on C'B'. 

CoEOLLAKiEs. 1. Two rectangles are congruent if two ad- 
jacent sides of the one are equal to any two adjacent sides of 
the other. (Why ?) 

2. Two squares are congruent if a side of the one equals a 
side of the other. (Why ?) 

Exercises. 109. Is a pajrallelogram determined when any two sides 
and either diagonal are given P when two adjacent sides and either diag- 
onal are given ? 

110, The angles at either base of an isosceles trapezoid are equal. 
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PLANE GEOMETRY. 



Proposition XXVII. 



103. Theorem, If there are two pairs of lines, all of which 
are -parallel, and if the segments cut off by each pair on any 
transversal are equal, then the segments cut off' on any other 
transversal are equal also. 



Given four parallels, of whiiili I'l, Pj cut off i 

and Pj, P, cut off an. equal segment b, on a trans- 
versal T, and cut off segments a', b', respectively, 
on transversal T'. 

To prove that a' = h'. 

Proof. 1. Suppose X and y II T as in the figure. 

2. Then, in the figure, /.wx = /L P.,T = Z P,T = Z sy. 

Prop. XVII, cor. 2 

3. And Z«'w = Z//s. Why? 

4. And x = a=^b = y. Prop. XXIV 

5. .-.Awii'x^AzVy, mAa.' = b'. Prop. XIX, cor. 7 

CoKOLLAiiiES. 1. If a system of paral- 
lels cuts off equal segments on. one trans- 
versal, it does on every transversal. 

For if a = 6i or 62, a' = 61' or V, respectively, — . \^'/ *'y\ 
and Bimilarly lor the other transversals. 

2. The Une through the midpoint of one side of a triangle, 
parallel to another side, bisects the third side. 

Draw a third parallel through the vertps. Then cor. 1 proves it. 
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Prop. XXVU.] PARALLELS AND FASALLELOGBAMS. 66 

3. The line joining the mid-points of two sides of a triangle 
is parallel to the third side. 

For U Dot, suppose tliruugh tlie mid-point of one of those sides a line 
is drawn parallel to the iiase ; then tliis must bisect tlie other side, l>y 
cor. 2 ; .-. it must coincide with the line joining tlie mid-points, or else a 
aide would be hisecwd at two different points, (Tiita is the converse of 
cor, 2, Draw the figure.) 

4. The line joining the mid-points of two sides of a triangle 
equals half t/ie third side. (Prove it.) 



Exercises. 111. The line joining tlie mid-points of the non-parallel 
sides of a trapezoid is parallel to the bases. 

112. In a right^ngled triangle the mid-point of tlie liypotenuse is 
equidistant from the ttiree vertices. (This exercise has 

tieen given before, and will be repeated, suice it is 
important and admits of divers proofs. It is here 
easily proved by prop. XXVII, cor. 2 ; for if a = 6, 
then a' = 6' ; but p II e, .-. j) X n', .-.x = b = a.) ^' ^' 

113. The lilies joining the mid-points of the sides of a triangle divide 
it into four congruent triangles. 

114. If one of the equal sides GB at an isosceles triangle ABC is pro- 
duced through the base, and if a segment BD is laid off on the produced 
part, and an equal segment AE is laid off on the other equal side, then 
the line joining D and E is bisected by the base. (Consider the cases in 
which BD<CB, BD = OB, BD>CB.) 

115. If the mid-pointa of the adjacent sides of any quadrilateral are 
joined, the figure thus formed is a parallelogram. (Consider this theorem 
for caises of concave, convex, and cross quadrilaterals, and for the special 
case of an interior angle of 180".) 

116 TheV es j ' ' gthe nid-poinls of the opposite sides of a quadri- 
lateral b sect each other C n^iider for the special eases mentioned in 
ex. llo 

in TI e I ne ]o n n" the n id-points of the diagonals of a quadri- 
lateral 'ui 1 tl e line, jo i g the mid-points of its opposite sides, pass 
throi gh the san e po t 

118. F and Q are the ndd points of the sides AB and CD of the 
parallelogram ABCD. Prove that FD and BQ trisect (divide into three 
equal segments) the diagonal AC. 
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PLANE GEOMETRY. 



119. Wliat is the sum of the interior angles of a polygon of 20 sides P 
of 30 sides ? 

120. How many degrees in each angle of a regular polygon of 12 sides ? 
of 20 sides ? 

121. How many sides has a polygon tie enm of whose interior angles 
is 48 right angles ? 

l!Si The vertical angle of a certain isosceles triangle ia 11° 15' 20"; 
how large are the base angles ? 

123. The exterior angle of a certain triangle is 140=, and one of the 
interior non-adjacent angles is a right angle ; how Hiaay degrees m eacli 
of the other two interior angles ? 

124. Each exterior angle of a certain regular polygon is 10° ; how 
many sides has the polygon ? 

125. If P ia any point on the side JW of A ABC, then the greater of 
the sides AB, AC, is greater than AP. 

■136. Ittliediagonalsof a quadrilateral bisect each other, prove that the 
quadrilateral is a parallelogram. Of what corollary is this the converse ? 
Prove that the diagonals of an isosceles trapezoid are equal. 

127. Conversely, prove that if the diagonals of a trapezoid are eijual, 
the trapezoid is isosceles. 

128. Ia a parallelogram determined when its two diagonals are given ? 
when its two diagonals and their angle are given ? 

129. ABC is a triangle ; AC is bisected at M; BM ia bisected at N; 
AN meets BC at P; M(i is drawn parallel to AP to meet BC at Q. 
Prove that BC is trisected (see ex. 118) by P and Q, 

130. A, C are points on the same side of XX' ; B is the mid-point of 
AC; through A, B, C parallels are drawn cutting XX' in A', B', C 
Prove that AA' + CC = 2 BB'. 

131. A straight line drawn perpendicular to the base AB of an isos- 
celes triangle ABC cuts tlie side CA at D and BC produced at E ; prove 
that CED is an isosceles triangle. 

132. ABC is a triangle, and the exterior angles at B and C are 
bisected hy the straigiit lines BD, CD respectively, meeting at D ; prove 
that Z CDB + iZA-a. right angle. 

133. In the triangle ABC the side BG is bisected at E, and AB at G ■; 
AE is produced to i^ so that EF = AK, and CG is produced to H so 
that GH = CG. Prove tiiat F, B, fl^are in one straight line. 
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PROBLEMS. 



3. PROBLEMS. 



104. Definitions. A curve is a line no part of which if 
straight. 

105. A circle is the finite portion of a plane bounded by a 
ur whi h 11 d th It mf nee 

d 1 tl t 11 1 t tl t J 

qdttf pttlth 

hni alldtl t ftl 1 




k pi il 

b fi d p ( ) 

106 A t ght 1 t t d bj th t I th ir- 

f 11 1 di I t ghtl th hthe 

t te ted both j ly th ui f lied 
a diameter ot the circle. 

107. A pai't of a circumference is called an arc. 

NuTK, The above definitions are substantially those usaally met in 
elementary geometrieB. The student will find, after leaving this subject, 
that the word circle is often used for circumference. Indeed, there is 
good authority for so using the word even in elementary geometry. 

108. From the above definitions the following corollaries 
may be accepted without further proof : 

1. A diameter of a eircle is equal to tlte sum of two radii of 
that eircle. 

2. Circles having the aa/me radii are congruent. 

3. A point is within a oirele, on its eircumference, or outside 
the circle, according as the distance frmn that point to the 
center is less than, eijual to, or greater than, the radius. 
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68 PLANE GEOMETRY. [Bk. I. 

109. Tt now becomes necessary to assume certain postulates 
relating to the cir<;le. 

Postulates of the Circle. 

1. All radii of the same circle are equal, and hence all 
diameters of the same circle are equal. 

2. If an unlimited straight line passes through a point 
within a drele, it must imt the circumference at least twice, 
and so for any closed Jiffure. 

That it cannot out the circumference more than twice is proved in III, 

3. If one eireumference intersects another once, it intersects 
it again. 

4. A circle has hut one center. 

5. A circle may be constructed with any center, and, with a 
radius equal to atiy given line-segment. 

This postulate requires the use of the compasses. As has been stated, 
the only instruments allowed in elemeniari/ geometry are the compasses and 
the straight-edge,, a iimitation due to Plato. In the more advanced 
geometry, where other curves than the circie are studied, otlier instru- 
ments are permitted. 

110. Okof.r to he oksekvkd in the solution of problems: 
Given. For example, tlie angle A. 

Required. For example, to bisect that angle. 

CoNSTKucTioN. A statement of the process of solving, 
using only the straight-edge and compasses in drawing the 
figure described. 

Proof. A proof that the construction has fulfilled the 
requirements. 

Discussion. Any consideration of special cases, of the 
limitations of the problem, etc. If a problem has but a 
single solution, as that an angle may be bisected but once, 
the solution is said to be unique. 
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PROBLEMS. 



Proposition XXVIII. 
HI. Problem, To bisect a given o 




C, and OB at B. 
. Draw DC. 
. Describe ai'cs with eentei's 



Given ths Z AOB. 
Required to bisect it. 

Construction. 1. With center describe an arc cutting .^0 at 
§ 109, post, of O 
§ 28, post. St. line 
i D, C, and radius DC. 
Post. (?) 
. Join theii' intersection P, with 0. Post. (?) 

Then Z.AOB is bisected, YY' being an axis of 
symmetry {§ 68). 
. Draw DP, CP ; 
then OD = OC, DP = DC, DC = CP. § 109, 1 

.-. DT^ = CP. Ax. (?) 

. But OP = OP. 

.-.A OCP^A OBP, 
and Z COP = Z POD. 



COEOLLAKV. 

S", equal angle 



An au/jli', may be divided into 

: (How ?) 



Prop. Xli 
', 4, 8, 16, .... 
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rO PLANE GEOMETRY. [Bk. I. 

113. Note on Assumed Constructions. It has been a,ssiiQicd, up to 
made as required for the 
been frequently mentioned, 
B5 not yet been indicated ; 
ioned in ex. 93, and reference might 
ing from the trisection of an angle, 



prop. XXVIII, that all 
theorems. Thus an equilateral 
although the method of constri 
a regular heptagon has been menti 
be made to certain results follow' 



although the solutions of the problems, to construct a regular heptagon, 
and to trisect any angle, are impossible by elementary geometry. But 
the possibility of solving such problems lias nothing to do with the 
logical sequence of the theorems ; one may know that each angle of a 
regular heptagon is ^ ■ 180°, whether the regular heptagon admits of 
coDBtruction or not. Kevertheless, a:i important part of geometry con- 
cerns itself with the construction of certain figures — a part of utmost 
practical value aiid of much iiiterest to the student of mathematics. 

113. Suggestions on the Solution of Problems. The methodg 
of logically undertaking the solution of problems will be dis- 
1 at the close of Book II I. But at present one method, 
i on p. 35, should be repeated : In attempting 
of a problem, assume that the solution has been 
accomplished, then analyze the figure and see what results 
follow ; then revf.rsc thf process, makinff these results precede 
the solution. 

For example, in piup XXVIII, aamme that Z AOH has been bisected 
by YY' ; if that weie (Jone, and if any point, P, on YT' were joined 
to points equidistant from O, on the arms, say C and D, then A OCP 
would be congruent to A OBP , now reverse the process and attempt to 
make A OCP congiuent to A ODP ; this can be done if OB can be made 
equal to OC, and PD to PC, because 0P= OP; but this can be done 
by § 109, 5. 

This method of attacking a problem, without which the 
student will grope in the dark, is called Geometrical Analysis. 



Exercises. 134. Give the solution of prop, XXVIII, using P" instead 
of P. Why is P better than F' for practical purposes ? In what case 
would the construction fail for the point P" ? In that case how many 
degrees \a /LA OB ? 

135. In prop. XXVIII, in what case would P' fall below O? Give 
the solution in that case, after connecting P' and O and producing P'O. 
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PROBLEMS. 



Pkoposition XXIX. 
114. Problem. To draw a perpendicular to a given line 
from a given internal point. 



Solution. This is merely a special ease of prop. XXVIII, 
the case in which Z.AOB is a straight angle. (Why ?) The 
construction and proof are identical with those of prop. 
XXVIII, and the student should give them to satisfy himself 
of this fact. 



136. W)iat kind of a quadrilateral is CFDP' ? I*rove it. 

137. Prove that any point on BA is equidistant from P and F". Also 
that any point on YY' is equidistant from D and G. 

138. In step 3 o£ the cunstmction of prop. XXVIII might the radius 
equal two times DC ? If ao, complete the solution. Ib there any limit 
to the length of the radius in that step ? 

139. In tlie figure of prop. XXVTII, suppose Z PCO = 130'. rind 
the number of degrees in the various other angles, not reflex, of the 



140. In the figure of prop. XXVIII, prove that the reflex angle BOA 
is hisRcted by YY', that is, by PO produced. 

141. Also prove that YY' is the perpendicular bisector of 1)C. 

142. Also prove that if O is connected with P and witli P', OP' mill 
fal) on OP. (Prel, prop, VIII.) 
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Proposition XXX. 



115. Problem. To draw a perpendicular to a given line 
from a given external point. 



Given the line XX' and the external pt. P. 

Required to draw a perpendicular from F to XX'. 
Construction. 1, Draw FJl cutting XX'. § 28 

2. With {icnter P and radius PR const, a O. 

§ 109, post, of O 

3. Joiu A and A', where the circumference cuts XX', 
with P. § 28, post, of St. line 

4. Bisect Z A'PA. Prop. XXVIII 
The bisector, PO, is the required perpendicular. 



Proof. 1. 


PA = PA', 


5 109, 1 




Z OPA = Z A'PO, 


Const., 4 




and PO s PO. 





2. .-.AAPO^AA'PO, Prop. I 
unA Z AOP = Z PDA'. 

3. .-.ZAOP is a rt. Z, and PO ± XX'. §g 19, 20 
NoTK. The solution of thla problem is attributed to (Eiiopides. 

Exercises. 143. Find iu a given line a point equidistant from two 
given points A and j6, the mid-point of AB being also ^ven. 

144. Find a point equidistant from three ^ven points A, B, C, the 
mid-points of AB and BG being also given. 



Hosted by 



Google 



■kop. xxxi.) problems. 

Proposition XXXI. 
116. Problem. To hiseet a given line. 



Given the line AB. 

Required to hisent it. 

Construction. 1. With centers A, B, and equal radii describe 
arcs intersecting a.t P and P'. Post, (?) 

2. Draw PP'. Post. (?) 

3. Then PP' bisects AB. 
Proof. 

(Let tlie student give it. Draw AI", F'B, BP, PA.) 

Bxerclaea. 145. Through a given point to draw a line making equal 
angles with the arraa of a given angle. Diaoiiss for various relative posi- 
tions of tliG point. 

146. To draw a perpendicular to a line from one of its extremities, 
wlien the line cannot be produced. (Ex. 113 suggests a plan.) 

147. Through two ^ven points on opposite sides of a given line draw 
two lines which shall meet in the given line and include an angle which 
ia bisected by that line. 

148. If two isosceles triangles have a common base, the straight line 
through their vertices is a perpendicular bisector of the base. 
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PLANE GEOMETRY. 



Proposition XXXII. 



117. Problem, Front a given point in a given line to draw 
a line making with the given line a given angle. 



Given the line AJi, the point F in it, and the angle 0. 
Required from "i* to draw a line making with AB an ar^Ie 

equal to Z 0. 
Construction. 1. On the arms of Z lay off OC — OD by 

desciibing an arc 'with center and any radins OC. 
§ 109, post of O 

2. Draw CZ*. § 28, post, of st. line 

3. With center P and radins OC, describe a circum- 
ference cutting PB in C. Post. (?) 

4. With center C and radius CD, describe an arc cut- 
ting the circumference in D'. Post. (?) 
Draw PD', and this is tlie required line. 

Proof. Draw CD'; then, 

A PCD' and A OCD being mutually equilateral, 
Why? 
APCD'^A OCD, 
and Z C'PD' = Z COD. Prop. XII 

Exercises. 149. Prove that the cireumferencts must cut V. D' as 
stated in step 4. 

150. See if the solution of prop. XXXII is general pjiousli to cover 
the cases where the i^ is straight, reflex, a pennon 

151, YTcim a filven point in a given line to dnw i \nu mal>iii^ an 
aniile sup piemen tal to a siven angle. 
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PROBLEMS. 



Proposition SXXIII. 



118. Problem. Through a given point to draw a l, 
lei to a given line. 



Given the line AB and tlie point P. 

Required through P to draw a line parallel to AB. 

Construction. 1, Join P with any point, 0, on AB. 

§ 28, post, of st. line 
2. From P draw PC making Z OPC = Z POA. (?) 
Then PC is the required line. 

Proof. PCWAB. Why? 

Discussion. The solution fails if P is on the unlimited line AB. 



Exercises. 152. Through a given point to draw a line malting agiven 
anglt with a given line. Kotice that the solution is not uniqne. 

153. Through a ^ven point to draw a transversal of two parallels, 
from which the parallels shall cut ofi a given segment. Discussion should 
show when there are two solutions, when only one, when none. 

154. To eonstrnct a polygon (say a hexagon) congruent to a given 
polygon. 

155. Through two given points to draw two lines forming with a 
^yen unlimited line an equilateral triangle, 

156. Three given lines meet in a point ; draw a transversal snch that 
the two segments of it, intercepted between the given lines, may be equal. 
Is the solution ujiique ? 

W7. From P, the intersection of the bisectors of two angles of an equi- 
lateral triangle, draw parallels to two sides of the triangle, and show that 
these parallels trisect (see ex. 118) the third bide. 
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Proposition XXXIV. 



119. Problem. To construct a triangle, given the three 
sides. 



Given a, b, c, three sides of a triangle. 

Required to construct the triangle. 

Construction. 1. With the ends of fi as centers, and with radii 
a, 0, describe circumferences. § 109 

2. Connect either point of intersection of these circum- 
ferences with the ends of b. § 28 
Then is the required A constructed. 
Proof. J t was constructed on b, and the other sides equal a, c. 

§ 109, 1 

Discussion. If the two circumferences do not intersect, a 

solution is impossible, for then either a> h + c, 

a=^b + c, a = c — b, or a < c — b, and in none of 

these cases is a triangle possible. 

Prop. VIII and cor. 
Corollary. To construct an equilateral triangle on a given 



The first proposition of Euclid's "Elements of Geometry." Euclid 
proceeded upon the principle of logical sequence of propositions, with 
no attempt at grouping tte tlieorems and the prolilems separately. He 
found this corollary (a problem) the beat proposition with which to begin 



Exercise. 158. In a given triangle inscribe a rhombus, having one of 
its angles coincident with a given angle of the triangle, and the other 
three vertices ou the three sides of the triangle. 
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Proposition XXXV, 

120. Problem. To construct a triangle, given t, 
the included angle. 



Given the sides a, b, and the included angle k. 

Required to construct the triangle. 

Conetraction. 1. From either end of b draw a line making with 
b the angle k. Prop. XXXII 

2. On that line inaik off a by describing an arc of 
radius a. § 109 

3. Join the point thus determined with the other end 
of h. % 28 
Then the triangle is constructed. 

Proof. P>y step 2 the line marked off equals a, and by step 1 
Z.li — Z.k, and it is oonstrueted on b. 



159. To trisect a right angle. {Construct an equilateral 
triangle on one arm.) 

160. On the side AGoli^ABC io find the point P such that the par- 
allel to AB, from P, meeting BC at B, eliall have PD = AP. 

161. To cooatruot a triangle, having ^ven two angles and the perpen- 
dicular from the vertex of the third angle to the opposite side. 

162. Draw a line parallel to a given line, so that the a 
cepted between two other given lines may equal a g 

163. Given the three mid-points of the sides of a triangle, to ci 
the triangle. 

164. Throngh a given point P in an angle A OB to draw a line, termi- 
nated hy OA and OB, and bisected at P. (Through P draw a II to BO 
cutting OA in X ; on XA lay off XY = OX ; draw ¥P.) 
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rKOi-osiTioN XXXVI. 



121. Problem. To construct a triangle, given two sides and 
the angle opposite one of them. 



Given two sides of a triangle, a, b, and Z k opposite a. 
Required to construct the triangle. 

Construction. 1. At either end of b draw a line making with b 
an angle equal to Z k. Prop. (?) 

2. With the other end of ?' as a center, and a radius «, 
describe a circumference. Post. (?) 

3. Join the points where the circumference cuts the 
line of step 1, with the center. Post. (?) 
Then the triangle is constructed. 

Proof. Per it has the given side 6, and the given Z k, and 
the lines of step 3 equal a. § 109, 1 

Discussion. If the cireumfei-ence cuts the line twice, two solu- 
tions are possible, and the triar^le is ambiguous 
(see prop. XIV). If it touches the line without 
cutting it, what about the solution ? If it does not 
meet the line, no solution is possible. If Z i ia 
right or obtuse, or if a<j:_h, only one solution is 
possible (prop. XIX, cor. 5). 
Draw a figure for each of these cases, and sliiiw from the drawings 

that llie statements made ir 



Exercise. 165. XX', Yy, are two given lines through 0, and P is a 
given point ; throi^h P to draw a line to XX', which shall be bisected 
by YY". Investigate for various positions of P, as where P is within 
the ZXOY, llie Z YOX', on OY, or on OX. 
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Proposition XXXVII. 

122. Problem. To construet a triangle, given two angles 
and the included side. 

.^ \ ^-^ \ 

A A B B A B 

Given two angles, A, B, and the included aide AB. 

Required to construct the triangle. 
Construction. 1. From A draw JX malting with AB an angle 

equal to Z A. Prop. XXXII 

2. Similarly, from B draw BY, making an angle equal 

to Z S. Prop. XXXII 

C being the intersection of AX, BY, then ABC is 

the required A. 
Proof. (Let the student give it.) 
Discussion. If AX, BY, do not intersect, what follows ? 

Proposition XXXVIII. 

123. Problem. To construct a triangle, given two angles 
and a side opposite one of them. 



Solution. Subtract the sum of the angles (found by prop. 
XXXII) from 180° and thus find the third angle (prop. XIX). 
The problem then reduces to prop. XXXVII. 



Proposition XXXIX. 

124. Problem. To construct a square on a given line as 
a side. 
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PLANE GEOMETRY. 



4. LOCI OF POINTS. 



125. The place of all points satisfying a given condition is 
called the locus of points satisfying that condition, 

Indeed, tbe word loetis (Latin) means eimply place (English, locality, 
locate, etc.) ; the plural is loci. 

For example, if pointa are on this page and are one inch from the left 
edge, their locus is evidently a straiglit line parallel to the edge. 

Furthermore, the locus of points at a given distance r from a fixed 
point O is the circumference described about with a radius r. This 
ataWment, although very evident, is made a theorem (prop. XL) because 
of the frequent reference to it. 

Of course in this discussion, as elsewhere in Books I-V, 
the points ai* all supposed to be confined to one plane. 

In Plane Geometry the loci considered will be found to con- 
sist of one or more straight or curved lines. 

lake to assume that a locus, which one is trying to 
single line. It may consist of two lines, aa in prop. 



126. In proving a theorem concerning the locus of points it 
is necessary and sufficient to prove two things : 

1. That any point on the supposed locus satisfies the eondition; 

2. That any point not on the supposed locus does not satisfy 
the condition. 

For if only the first were proved, there might be some other 
line in the locus ; and if only the second wei* proved, the sup- 
posed locus might not be the correct one. 



Exercise. ISG. State, williout proof, what is (1) the locua of points 
^ in. from a given straight line ; (2) the locus of points equidistant from 
two parallel lines. 
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LOCI OF POINTS. 



Proposition XL. 



137. Theorem. The loeus of points at a given distance 
from a given point is the ciremnferenee described about that 
point as a center, with a radius equal to the given distance. 




Given the point 0, the line r, and the circumference C 

described about with radius r. 
To prove that C is the locus of points r distfmt from 0. 
Proof. 1. Let Pj, Pj, Pj be points on C, within the circle, and 

without the circle, respectively. 

Let OP, produced meet C in P, and OPj meet Cin^, 

2. Then OP^ = OB=OA = t, % 109, 1 
and OPa < OB, and OPg > OA. Ax. 8 

3. ,', any point on C is »■ distant from 0, and any point 
not on C is not r distant from 0. 



Exercises. 167. Ila-s it been proved in prop. XL that tho required 
locus may not be merely the are cut ofi by r and OPi ? If bo, where ? 

168. What is the locus of points at a distance of J in. from the above 
circumference, the distance being measured on a line through 0? 

169. Lighthouses on two islands are 10 miles apart; show that there 
are two points at sea which are exactly 12 miles from each, 

170. How would you find, by the intersection of two loci, a point on 
this page 1 in. from in the above figure, and 3 in. from the right edge 
of the paper? 
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PLANE GEOMETRY. 



Proposition XLl. 



rhe locus of points equidistant from two 
given points is the perpendicular bisector of the line joining 
them. 




Given two points X and X', and YY' ± XX' at the mid- 

point 0. 

To prove that YY' is tlie locus of points equidistant from X 
and X'. 

Proof. 1. Let P be any point on YY', and P' be any point not 
on YY'. 
Draw PX, PX', PX, P'X'. 

2. Then PX= FX', Prop. XX, cor. 5 
and P'X' > P'X. Prop. XX, cor. 2 

3. Hence any point on YY' is equidistant from X and 
', but any point not on YY' is unequally distant 



from X and X', 

.'. YY' is the locus. 



§ 125, dcf. 



Ejcercises. 171. Required M find a point which is 1 in. from S and 
S in. from X' in tiie above figure. Ib tliere more than one aucli point P 

172. Required to find a point which is equidistant from X and X' in 
tlie fthove figure, and 1 in. from 0. Is there more tlian one such point? 
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LOCI OF POINTS. 



Pboposition XLII. 



129. Theorem. The locus of points equidistant from two 
give-n lines consists of the bisectors of their included angles. 



a'S-' 
Y' 



Given OA and OB, two lines intersecting at 0, and XX' 
and YY' the bisectors of the angles at 0. 

To prove that XX' and YY' form the locus of points equidis- 
tant from OA and OB. 

Proof. 1. Let Q be any point on neither XX' nor YY'; let 
QB X OB, QA X OA, QA cut OX in F, PA' 1. OB. 
Draw QA'. 

Since Q may be moved, P may be considered as any 
point on OX. 

2. Then A OAF ^ A OA'P, 

and AP = A'P. Trop. XIX, cor. 7 

3. Also, A'P + PQ> A'Q > BQ. Why ? 

4. .■.^0,oi-^P + i'Q> BQ. Why? 

5. .■. any point P on JOT' (or on YY') is equidistant 
from OA and OiJ, bnt any point Q on neither XX' 
nor YY' is unequally distant from OA and 0-B- 
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84 PLANE GEOMETRY. [Bk. I. 

COBOLLAKiEs. 1. 1/ the ffieen Hjies are parallel, the locus 
is a. parallel midway between them.. (Prove it.) 

The student should imagine the efieot of keeping points A, A' fixed, 
and moving farther to the left. TT' moves with 0, but XX' keeps 
its position as. the lines approach the condition oi being parallel. 

2. The loGus of points at a given distance from a gioen line 
consists of a pair of parallels at that distance, one on each side 
of the fixed line. (Prove it.) 

130. Definitions. 

Three or more lines which Three or more ^m(s which 

meet in a point are said to be lie in a line are said to be 

concurrent. coUinear. 



Peopositiox XLIII. 

131. Tbeorem. The perpendicular bisectors of the three 
tides of a triangle are concurrent. 




Given a triangle of sides a, h, c, and x 
pei-pendicular bisectors. 

To prove that a:, */, s are concuri'ent. 

Proof. 1. X and ?/ must meet as at P. Prop. XVII, cor. 4 

2. Then P is equidistant from Ji and C, and C and A. 

Prop. XLI 

3. .', P is on the perpendicular bisector of c; Why? 
i.e. z passes through P. 
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Prop. XLIIL] LOCI OF POINTS. 85 

COKOLLAKiEs. 1, The point equidistant from three non- 
eoUinear points is the intersection of the perpendicular bisectors 
of any two of the lines joining them. 

St«p2. 

2. There is one circle, and only one, whose circumference 
passes through three non-collinear points. 

Let A, B, C be the three points. Then by step 2 they are equidistant 
from P, the intersection of x and y. 

And ■.■ X aad y contain all points equidistant from A, B, and C, and 
can intersect but once, there is only one point P. 

And -.- there ia only one center and one radius, there is one and only 

3. Circumferences having three points in common are iden- 
tical. 

Otherwise cor. 2 wnuld be yiolated. 

4. If from a point rnore than two lines to a circumference 
are equal, that point is the center of the circle. 

For suppose a circumference through A, B, C, and suppose PA = PB 
= PC. 

Now with center P and radius PA a circumference can be described 
through A, B, C, because it is given that 

PA-PB = PC. § 108, cor. 3 

And this is identical with the given circumference. 

I'rop. XLIII, cor. 3 

.-. its center must be identical with the given center, since a cannot 

have two centers. § 109, 4 

Exercises. 173. The proof of prop. XLIH is, of course, the same if 
the triangle is right-angled or obtase-angled. The figures, however, 
show interesting positions for P; consider them. 

174. Required to find a point at a given distance d from a fixed point 
0, and equidistant from two given intersecting lines. How many such 
points can be found in general ? 

175. Required to find a point equidistant from two given intersecting 
lines, and equidistant from two given points. How many such points 
can be found in general? 
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PLANE GEOMETRY. 



Proposition XLIV. 

Theorem, The bisectors of the interior and exterior 
gle are concurrent four times by threes. 




Given the A ABC, and thp, bisectors of the interior and 

exterior angles, lettered as in the figure. 

To prove tliat these bisectors are concurrent four times by 
threes ; that is, 3 meet at Pi, 3 at Pj, etc. 

Proof. 1. ■.■ ^CAM>ACBM,.-./LGAM>^.HBM. Prop. V 

2. .-. AG and BH meet as at P,. Prop. XVII, cor. 3 

3. Z HBM+ Z BAE <ZB + ZA< 180°. Prop. XIX 
.-. BH and AE meet as at P,. Prop, XVII, cor, 3 

4. BF± BH, and AG X AJS, 
.-. BF and 4 G meet aa at Pj. 



Prel, prop. IX 

Prop. XVII, eor. 4 

( and r, from e and 6, 

Prop. XLII 



, Also, Pi is equidistant from o 

and .'. from a and b, 

.-. Pi lies on CT. Similarly for P,. Prop. XLII 
. Similarly, Pj and Pj lie on CK. .'. the four points 

Pi, Pj, Pj, P„ are points of concurrence of the 
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FKor. XLV.] LOCI OF POINTS. 87 

PbO POSITION XLV, 

133. Theorem. . The perpendiculars from the vertices of a 
triangle to the opposite sides are concurrent. 



To prove that the perpend i ml ars from A, B, C, to a, b, o, 

respectively, are concurrent. 
Proof. 1. Through A, B, C, respectively, suppose B'C" II CB, 

A'C II CA, A'B' II BA. 

2. Then ABGB' and ABA'C are 27. Def. O 

3. .-. B'C = AB= CA', and C is the mid-point of B'A'. 

Pi-op. XXIV; ax. 1 

4. Similarly, A and B are mid-points of B'C, CA'. 

6. If AX, By, CZ^B'C, CA', A'B', respectively, they 

are concurrent, as at 0. Prop. XLIII 

6. And they are also the perpendiculars from A, B, C 

to a, h, c. Prop. XVII, cor. 1 

Note. The theorem is due to Archimedes. 

134. Definition. To trisect a magnitude is to cut it into 
three equal parts. 

Bxerclse. 176. In prop. XLIV suppose C moves down to the side c. 
What becomes of Pj, 7's, Pi, Pi ? 
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PLANE GEOMETRY 



Proposition XL VI. 



135. Theorem. Tlte medians of a triangle are concurrent 
n a fnsection point of each. 




Given the AABC and the mediaas BY, AX, intersecting 

at 0. 
To prove that (1) the median from C inust pass through 0, 

(2) OX=-jfAX, OY=iBY, ete. 
Proof. 1. Suppose CO drawn, and produced indefinitely, 

cutting AB at Z. 

2. Suppose AP II OB ; CO must cut AF, as at P. § 85 

3. Draw PB. Then ■.■ CY= YA, .-. CO = OP. 

Prop. XXVII, cor. 2 

4. And ■-■ C0 = OP, and CX = XB, r. OXWPB. 

Prop. XXVir, cor. 3 

5. .•.APBOisa.nj,AZ^ZB, and OZ = ZP. 

Prop. XXIV, cor. 2 
a. .'. CZ is a median, and it passes through 0. 
7. And-.- OZ^i OP, .-. 0Z=i CO, or i CZ. Simi- 
larly for or and OX. 

Exercise. ITT. The sum of the three medians of a triangle is greater 
than three-fourths of its perimeter. 
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8Bca. 136-139.] LOCI OF POINTS. 89 

136. Definitions. The point of concurrence of the perpen- 
dicular bisectors of the sides of a triangle is called the cir- 
cumcenter of the tiiangle. (Prop. XLIII.) 

The reason will appear later when it is sliowu tliat this point is tlie 
center of the cfrciim-scribed circle. (See TaWe ot Etymologies.) 

137. The point of concuirence of the bisectors of the interior 
angles of a triangle is called the in-center of the triangle ; the 
points of concurrence of the bisectors of two exterior angles 
and one interior ai'e called the ex-centers of the triangle. 
(Prop. XLIV.) 

It will presently be proved that the in-center is the center of a circle, 
in-side the triangle, just touching the sides ; and tliat the ea-eent^rs are 
centers of circles, out-side the triangle, jnst touching the three lines of 
which the sides of the triangle are segments. Hence the names in-center 
and ex~center. 

138. The point of concui'rence of the three perpendiculars 
from the vertices to the opposite sides is called the orthocenter 
of the triangle. (I'rop. XLV.) 

139 The point of on uirence of the three medians of a tri- 
angle IS called the centioid of thit triangle {Proj XL VI ) 

It s shown n PI 1 s cs th t this p nt s al h cc pr of i -iss or 
e te of gravity of tl e pla e surfa e of he age It s hcrefore, 
somet mes called b h e nan es 

Exercises 178 If a tr "i "-le is a te angled prove thit Ix I he 
cirt mcenter and the orti ocenter I e wi 1 the t an^le 

179 In prop \L\ I if r 1 Z Le ] ned pro e tUt the A A I Z 
w II be e lU ^ng lar Ih the A ABC 

180 Is theie any kind of a triangle m whiL,h the in-ccnter, circum- 
centei, orthocenter, and eentroid coincide ? If so, what is it? Prove it. 

181 In the hgure of prop. XL VI, connect X, F, Z, and prove that O 
is also the eentroid ol A Jyz. 

182. In ex. 179, prove tliat if the mid-points of the sides of A XYZ 
are joined, is also the eentroid of that triangle ; and so on. 



Hosted by 



Google 



BOOK II. — EQUALITY OF POLYGONS. 



1. THEOREMS. 

140. Definitions. Two polygons are said to he adjacent if 
they have a segment of their perimeters i 



141. Suppressing the common segment of the perimeters of 
two adjacent polygons, a polygon results which 
is called the sum of the two polygons. Simi- 
larly for the «l'»^ of several polygons, and for 
the diSerence of two oveilapping polygons. 



142. Surfaces which may be divided into the 
same number of parts respectively congruent, or which are thcs 
differences between congruent surface'^ ■ire said to be equal. 

T rt te agi te essions eyuivaleni, equal 

ea cd nt nt 1» us e word congruent, for 



i::xzx:.. 



144 T al tud of a tnang 
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SqUALITY OF POLYGONS. 



Pkoposition I. 



145. Theorem. Parallelograms on the same base or 
equal banes and between, the same parallels are equal. 

„ D C D^ C' D CD' C ' D P' C C ' 



Given [H ABCD, ABC'D', on the same base AB, and 

between the same pai'allels P, P'. 

To prove t\\^^t n ABCD = CJ ABC'D'. 

Proof. 1. AD = BC, AD' = BC, DC = AB = D'C. Why ? 

2. In Fig. 1, adding CD', DD' = CC. Ax. 2 

3. .-.ABC'C^AAD'D. Why? 

4. But ABC'D s ABC'D. 

.■ . n ABCD = n abc'd: Ax. 3 

Similarly for Figs. 2 and 3. In Fig. 2, CD' has become 
zero ; in Fig, 3, it has become negative. 
The meaning of " between the same pai'allels " is apparent 

CoEOLLABiES. 1. A parallehgram equals a rectangle of the 
same hose and the same altitude. (Why ?) 

2. Parallelograms having equal bases and equal altitudes 
are equal. (Why ?) 

3. Of two parallelograms having equal altitudes, that is the 
greater which has the greater base ; atid of two having equal 
bases, that is the greater which has the greater altitude. (Why ?) 

4. Equal parallelograms on the same base or on equal bases 
have equal altitudes. 

Law of Converse, S 73, after cors, 2 and 3. Give it in full. 
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FLANH GEOMETEY. 



Proposition II. 



146. Theorem. THanglet on the same hose or on equal 
bases and between the same parallels are equal. 



Given A ABC, ABC on the base AB, and between the 

same parallels AB, C'C. 
To pKive that A ABC ^ A ABC 

Proof. 1. In the figure, suppose AD II BC, BD' II AC. 

Then ABCD, ABD'C aie equal (U. Why ? 

2. And, sinue A ABC, ABC are their halves, 

I, prop. XXIV 
.■.AABC=AABC Ax. 7 

OoBOLLAEiES. 1. A triangle equals half of a, parallelogram,, 
or half of a rectangle, of the same base and the same altitude 
as the triangle. 

By step 2, and prop. I, cor. 1. 

2. Triangles having equal basr,s and equal altitudes are equal. 

3. Of two triangles having equal altitudes, that is the greater 
which has the greater base ; and of two having equal bases, that 
is the greater which has the greats altitude. (Why ?) 

4. Equal triangles on the same base or on equal bases have 
equal altitudes. (Why ?) 

Note. In. props. I and II if the figures are on equal bases they caJi 
evidently be placed on tlie same base. Hence the proofs giyen are 
sufficient. 
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EQUALITY OF POLYGONS. 



I'eoposition III. 



147. Theorem. A trapezoid is equal to half of the rect- 
angle whose base is the sum of the two parallel sides, and 
whose altitude is the altitude of the trapezoid. 

D C ,.' 

/ ^ / 

A B D 

Given tlie trapezoid ABCD. 

To prove that ASCI) equals half of a rectangle with the same 

altitude, and with base equal to AB + DC. 
Proof. 1. About 0, the mid-point of if C, revolve ^SCZ) through 

180° to the position A' CUD', leaving its original trace, 

2. Then, "-■Zc'sZ^, and Zi + Zc = st.Z, 
.-. ZI/ + Ze' = Z/>-i-Z-C = st.Z, 

and -■- ADD' is a st. line. § 14, def. st. Z 

Similai'ly, DCA' is a st. line. 

3. Also, ■-■ ZD'^^B, ajid Z ,-1 + Z D = st. Z, 
.-. Z^ -!- Z i)' = Z ^ + Z ZJ = St. Z, 

.-. li'A' II AD, 1, prop. XVi, cm. 2 

and .-. AD'A'D is a O. § 97, def. O 

4. The base of the a = AB + DC, 

and the O = 2 ■ ABCD. Why ? 

5. .-. ABCD = -J- O = ^ required D. Prop. I, (ior. 1 

Exercises. 183, P is any point witliin O jIBCU. Prove that A P.dB 
+ A POD = !iU ABCD. Suppose P is outaide of O ABCD. 

184. A quadrilateral equals a triangle of which two sides equal the 
diagonals of the quadrilateral, and the included angle of those sides 
equals the included angle o£ the diagonals. 
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PLANE GEOMETRY. 



Proposition IV. 



148. Theorem. If through a point on a diagonal of a par- 
allelogram parallels to the sides are drawn, the parallelo- 
grams on opposite sides of that diagonal are equal. 



^m 



Given O ABCX>, and through P, a point on AC, the lines 
GF II JB, HE II DA, and the pai-ts lettered as in the 
tig are. 
To prove tliat /; = b'. 

Proof. 1. u + b + r = a' + h'-\-o', 

a = a\ c = ,•'. I, prop. XXTV 

2. .-. h = V. Ax. 3 

149. Definitions. Since all rectangles which have two adjar 
cent sides equal to two given lines a, b, are congruent (I, prop. 
XXVI, cor. 1), any snch rectangle is spoken of as the rectangle 
of a and b. 

This is indicated by the symbol ab, or, if the adjacent aides are AB 
vdPD by tlie symbol AB ■ CD. Tliese symbols are read ' ' The rect- 
angle t a and 6," "The rectangle of JIB and CD," or, briefly, "The 
le tangle ai "The rectangle AB (pause) CD." Since there is no mul- 
t pi at on f lines by lines, by any definition Uius far known to the stn- 
dent the readings "a times 6," " AB times CD" are not recommended. 

In like manner, any square whose side is equal to a given 
line IS spoken of as the square on (or of) that line. 

The square on a line AB is indicated by the symbol AB^ ; on a line a 
by the symbol a* ; read "The square on (or of) AB,'' or, briefly, '^AB- 
square" ; and similarly for a. 

Squares, rectangles, and polygons in general are often designated by 
the letteiB of two vertices m 
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Sec. 150.] EQUALITY OF P0LYG02fS. 95 

150. A point in a line- segment is said to divide it internally; 
a point in a produced part of a line-segment is said to divide 
it extemally. 

In tlie figure, AB is di- j x g r^ 

vided internally at F, and 

extemally at P'. AF, PB are called segments of AB ; and 

AF', P'B ai'B also called segments of AB. 

The propriety of calling AT, PB, and AP', P'B, segments of AB is 
apparent, since AP + PB = AB, and also AP- + P'B (wliich is negative) 



Exercises. 185. If the sides BC, CA, AB, of A ABC, are produced 
toX, Y, Z, respectively, so that CX = SC, AY = CA, BZ = AB.proye 
thatAXyZ = 7-A4BC. 

186. The medians of a triangle divide It into six equal triangles. (In 
what kind of a triangle are the six triangles congruent ?) 

187. Prove prop. Ill by bisecting BC at 0, drawing BO to meet A B 
produced at C, and proving that A BCO = A CDO, that A AD'S — 
trapezoid, etc. 

188. Discuss prop. IV when P moves to C ; through C on jIC pro- 
duced. 

189. If two equal triangles are on opposite aides of a ci 
line of that base bisects the line joining their vertices. 

190. A triangle X is equal U) a fixed triangle T and has a ci 
base with T; what is the locus of the vertex of X? (Is the locus a single 
line or a pair of lines ?) 

191. P is any point on the diagonal BI) of O ABCD. Prove that 
/\PAB = hPBC. 

192. In ex. 191, suppose P moves to B ; moves through D on BD 
produced. 

193. Thesides-4B, CA of a triangle are bisected in C, B", respectively ; 
CC outs BB' at P. Prove that A PBC = quadrilateral AC'PB'. 

194. If P is a point on the side AB, ajid Q a point on the opposite 
side CI> of UABCB, prove that A PCD - AQAB. 

195. If the mid-points of the sides of any convex quadrilateral are 
joined, in order, then (1) a parallelogram is formed, (2) whioh equals 
half the quadrilateral. 
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PLANE GEOMETRY. 



Proposition V. 



151. Theorem. The rectangle of two given lines equals the 
sum of the rectangles contained by one of them and the several 
segments into which the other is divided. 



Given the rectangle of Si and h, and b divided into the seg- 
ments X and >j. 

To prove that aib = aiX + «,?/. 

Proof. 1. Let a.^ be drawn II % from the division point of h. 

2. Then, in the figure, «j = «a = a^. I, prop. XXIV 

3. .'. aj) = aiX + a^ij. Ax. 8 

CoKOLLAEiES. \. Xf a, line is divided internally into two 
segments, the rectangle of the lohole line and one segment eqvals 
the square on thai segment together with the recf.ungle of the 
two segments. 

Make ai^xia the proof above, and conBider step 3. 

2. If a line is divided internally into two segments, the sqvare 
on the whole line equals the sum of the rectangles of the whole 
line and each of the segments. 

Make (ti = a: + ^ in the proof above. 

Note. This theorem is the geometric form of tlie Distributive Law of 
Multiplication of Algebra, which asserts that a (J^ + ;/) = aj: + ay. 



Exercise. 196. The rectangle of one line and the sum of two others 
equals the sum of the rectangles of the first and each of the other two. 
Consider the case where one of the second two lines is zero ; negative. 
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. 152.] 



MQUALITY OF POLYGONS. 



97 



152. Positive and Negative Polygons. In general, a line AS 
is thought of as positive ; but if, in the discussion of a propo- 
sition, A is thought of as approaching B, then, when A reaches 
B, Ali becomes zei'oj and if ^ is thought of as passing through 
IS, then AB is considered as having passed through zero and 
become negative; that is, BA ~ — AB. q 

A similar agreement exists as to triangles. /'I^\, 
In general, A ABC is thought of as posi- ^ — ■ — — ^^ 
tive ; but If, in the discussion of a propo- 
sition, C moves down to rest on AB, then 
A ABC becomes zero; and as C j 
through AB, A ABC passes thi-ough zero ^ 

and is considered as having changed its sign and become 
negative; that is, AACB= — AABC. 

In Book I, to accustom students to this oonventioi (tint A A.CB 
= — A ABC), triangles were always named by taking the le ers in the 
counter-clockwise (or positive) order, except in a lew ua fs nhere a 
departure from this rule seemed advisable. 

A similar agreement exists as to rectangles, which illustrates 
the law of signs in algebra. In the figure, I has for its alti- 
tude and base -1- a and -f- b, and 
the rectangle is spoken of as + ab. 
But if b shrinks to zero, + ab also 
shrinks to zero, and as b passes 
thiough zero and becomes nega^ 
tive, so ab is considered to pass 
through zero and to become negar 
tive ; that is, II = — a5. If, now, 
a shrinks to zero, and passes 
through zero, changing its sign, so does — ab ; that is, III 
= + ab. And finally, as — b again passes through zero, so 
does ab, atid therefore IV = — ab. 



Exercise. 197. M F is any point in the plane of A ABG, then 
[^PAB + /\rBC + £sFCA = /\A]!0. (Monge.) 
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98 PLANE GEOMETRY. [Bk. II. 

In the case of polygons m general, the lam of signs will be readily 
understood friim the annexed figures. In Figs. 1, 2, 3 both tlie upper 
and lower parts of the polygon are considered as positive ; in Fig. 4, P 



has reached BC and the upper part of the polygon has become zero 
Fig. 5, P has passed through BC and the upper part of the figure 
passed through zero and become negative. 

This treatment of negative surfaces dates from Meiater (17(i9). 



Proposition VI. 

153. Theorem. The square on the sum of two lines equals 
the sum of the squares on those lines plus twice their rectangle. 



Y xy y 


f 


. . . 









Given ABCD, the square oq x + ?/. 

To prove that (x + ?/)" = x^ + y^ + 2 xy. 

Proof. 1. In the figure, let AE==AB:=x, EB = MD=y, 
EG II AD, HF II AB, and HF cut EG at P. 

2. Then the a;'s in the figure are all equal ; also the y's. 

Def. a i I, prop. XXIV 

3. .■.AP = x% PC = f, § 99, def. n 
and EF = x;/, HG = xy. g 99, def. □ 

4. .■.{x + yf = x} + f + 2xy. Ax. 8 
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Prop. VL] EQUALITY OF POLYGONS. 99 

Corollaries. 1. The square on a, line equals four times 
the square on half that line. 
Make x = y in step 4. 
Then (2 x)= =x^ + x^ + 2 x', 

That is, if 2 a; is the line, the square upon it equals four 
times the square on x. 



2. The square on the differi 
of the squares on those lines n 



; of tvm lines equals the si 
us twice their rectangle. 



D 

C 

''-v 



For, in the above figure, AP = a-^, BH = y'', PD = xy, 
CH = xij, and AC = (x — j/)l 

But AG=AP + BII -PD- CH, 

or {x - i/f = x'' + f-2 xij. 

The truth of the corollary is, however, evident from prop. VI, U the 
agreement as to signs is considered ; for if y becomes 0, tlien 2a^ = 0, 
and y^ = ; and as ij passes through and becomes negative, 2^^ also 
becomes negative, but y^ remains positive because it is the rectangle of 



Exercises. 198. If ABC MNA is the perimeter of any polygon, 

andPis anypoint intheplane, then l\ FAB + APBO + + A PMN 

+ A PNA is constant. 

199. If A, B, G, D are four collinear points, in order, then AB ■ CD 
+ AD- BC = AC ■ BD. (Euler.) Investigate when B moves to and 
through C. 
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PLANE GEOMETRY. 



154. Theorem, The difference of the squares on ttvo lines 
equals the rectartyle of the sum and difference of those lines. 



Given ABCD, a sqiiare on x, and AEFG, a stiuare on y. 

To prove that x'-y'' = (x-\- if) (x - y). 

Proof. 1. Suppose the squares placed as in the figure, and GF 
produced to BC. Then the j/'s in the figure are all 
equal, as also the sides of x'. Def . D 

2. .". the (a- — »/)'s ai'e equal. Ax. 'S 

3. But x'^f + xix-yj + yix- y), Ax. 8 

x' = y'+{x + y)ix-y). Prop. V 

i..-.x^-f= {x + y){x-y). Ax. 3 

CoKOLLAKT. If a point dtvides a line internally or externally 
into two segments, the rectangle of the segments equals the differ- 
ence of the square on half the line and the square on the seg- 
ment between the mid-point of the line and the point of division. 

1. If AB is the line, P (either F^ or P^) the point of divi- 
sion, and M the mid-point, it is to 

be proved that ^ — i 1 

AP ■ FB = A]\P - MP\ 

2. I^t AB = y, AP = x, then PB = y - x, AM = i j/, and 
MP = x-\y. 

3. But x{y-x) = (j)j - (^^ - 0, by prop. VII. 
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8ec. 155.] EQUALITY OF rOLYGONS. 101 

155, Reciprocity between Algebra and Geometry, From props. 
V, VI, VII, it is evident that a reciprocity exists between 
algebra and geometry which is likely to be of great advant^e 
to each. This reciprocity will be more clearly seen by resort- 
ing to parallel eolonins. 

Geometric Theorems. Algebraic Theorems. 

lix,i/, ure lineseffments, If a, h, are numbers, 

and «y, xe, „ ,. represent the and ab, ae, represent the 

rectant/les of x and t/, x and products of a and b, a and e, 

z, , and a; (y + «) represents , and a(b + c) represents 

the rectangle of x andy + s, the j/roduct of a and b + c, 

and x" represents the square and a' represents the sectmd 



then 


pitwer of a, then 


Prop. V 


1. «CJ + o) = »S + oc. 


(i: + j,)' = :^ + ,f + 2rg. 
Prop. TI 


2. (« + J)".n' + S- + 2<.i. 


I'rop. VI, cor. 1 


a ...(ff. 


Prop. VI, cor. 2 


i. (..-S)'=«'+«'-2«S. 


a;'-i,'=(a;+,)(a,-y). 
Prop. VII 


6. «--S' = (<.+S)(»-S). 



This correspondence of one symbol, one operation, one 
result, etc., of algebra, to one symbol, one operation, one 
result, etc., of geometry, or, as it is called, this '■'■one-to-one 
corre^ondence," suggests many theorems of geometry that 
might otherwise remain unnoticed. This correspondence is 
the basis of the treatment of Proportion, Book IV. 

Exercise. 200. Prove geometricaily that {z + yY — (^ - y)"^ = iZ'y. 
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PLANE GEOMETRY. 



Proposition VIII. 

156. Theorem. In a right-angled triangle the square on 
the hypotenuse equals the sum of the squares on the other 
two sides. 




F G 

Given the right-angled A ABC, Z C heing right. 
To prove that a^ + /^ ^ ^. 

Proof. 1. I.et BLMC = a', ACKH=(.%AEGB = c^: 



suppose 



CF II AE, and HS and C^ drawn. 

2. Then -.■ A KCA, ACB, are right, their sum = st. Z, 
and .-. BCK is a st. line. § 14, def. st, Z 

3. And ■■■ Z CA1I= Z EAB, Prel. prop. I 



.-. Z BAS = ZEAC, by adding Z BA C. 



4. And ■.■ AC-^IIA, and AE = 

.-.AABH^AAEC. 

5. But □ AF= twice A AEC, 
and i^ = twice A ABH. 

.■.UAF,ovAB-AD,= 

6. Similarly, □ BF, or B^ - BI), ■■ 

7. .-. a^ + i.^=n^J' +a£^ 



BA, 



Ax. 2 

t, def. D 

Why? 

Why? 
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Sec, 157.] 



EQUALITY OF POLYGONS. 



103 



157, Note, The first proof of this theorem is said to liave heen 
given by Pythagoras about 540 b.c, although the theorem itself was 
Itnown long before that time. Fi'om this fact it is generally Itnowii as 
the Pythagorean Proposition. It is one of the most important in geometry. 

Tliere have been jnany proofs devised for the Pythagoreau 
proposition. In the subseqnent exercises occasional proofs 
will be suggested, that the student may see the gi-eat vai'iety 
of ways in which the theorem may be attacked. That the 
proposition would naturally be suggested to a people using 
tUe floors is seen from Fig. 1, although the proof following 





from sueh a figure is special, being limited to the case of the 
isosceles right-angled triangle. 

In Fig. 2 is given a suggestion of the conjectured proof of 
Pythagoras : If A 1, 2, 3, 4 are talien from the figure, the 
square on the hypotenuse remains ; and if the two CD AF, 
PJi, are taken away, the sum of the squares on the two sides 
remains ; but since the two rectangles equal the four triangles, 
these remainders are equal. 



e of steps 2 and 3 in the proof of 



Exercises. 201. What is 
prop. VIII? 

2<e. In the figure of prop. VIII, prove that AK II BM. 

203. Also that H, C, L are coilinear. 

304, Twice the sum of the squares on the medians of ! 
triangle equals tlirice tlie square on the hypotenuse. 
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104 PLANE GEOMMTET. [Bk. IL 

Fig. 3 is that of Bhaskara, the Hindu ; The inside sqiiare 
is evidently (a — b)'', and each of the four triangles is ^ub; 





Fig. 4 is one of the most simple If from the whole figure 
tliere are taken A f>, theie leinams the square on the hypote- 
nuse ; 01' if the equal A a are tdken. there remains the sum of 
the squares on the two sides 

158, Definition. The projection of a point on a line is the 
foot of the pei'pendiciilar from the point to the line. 

Thus A' and B", Figs. !, 2, are the projections of A and B on ^'X. 

The projection of a line-segment on another line in the same 
plane is the segment cut off by the projections of its end- 
points, e.jf. in Figs. 1 and 2, A'Ji' is the projection of AB. 



r> - K./r.-/ 



XT 



Fio. S. Fio. 4 



Strictly these are orthogonal (or right-angled) projections ; but since 
orthogonal projectiona are the only kind ordinarily considered in elemen- 
tary geometry, they are called, simply, projections. In advanced geom- 
etry, the projections of Figs. 3, i are among the others used. Fig. 3 
represents an oblique projection, and Fig. i represents a projection from 
a point. Fig. 4 is the most general, approaching the others as P recedes 
to a greater distance. 
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EqUATJTY OF FOLYGONS. 



Proposition IX, 



159. Theorem. In an obtuse-angled triangle the square on 
the side opposite the obtuse angle equals the sum of the 
squares on the other two sides, together mth twice the reet- 
angle of either side and the projection of the other on the 
line of that side. 



Given A abc, oht use-angled opposite c, and a' the projefition 

of a on the line of h. 
To prove that c^ = a'' + l)^ + 2ba'. 

Proof. 1. In the figure, h _L a', § 158, def. projection 

.■.k'+(a'+by^G\ Why? 

or h^ + a'^ + b' + 2 a'h = o\ Prop, VI 

2. .■.a^ + b-' + 2a'b = c\ Prop. VII [ 



Exercises. 206. In tliR figure of prop. Vm, prove that, if IIK and 
iJf are produced to meet at P, then jIB = and II PC, and BO = and II PC. 

206. If the diagonals of a quadrilateral intersect at right angles, prove 
that the sum of the squares on one pair of opposite Bides equals the sum 
of the squares on the other pair. 

207. In the annexed figure, equilateral triangles 
are constructed on the sides of a right-angled 
triangle ; M is the mid-point of CA. Prove (1) 
AABK^AAEC, (2) JtfKliBC, {S)ABCM = 
ABCE", (4) ABRM=ARCK, (5) AABK = 
AACK + AABM = AACK + id, ABC, (6) 
.-. from (1) and (6) A4EC= A^CE" -H *A^BC, 
(7) similarly, A CEB ^ A BLC + iA ABC, (8) 
.-. figure AEBC = figure A BLCK, (0) .-. A AER 
= ABLC + A ACE. State in full form the 
theorem proved in (9). 
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106 PLANE GEOMETRY. [Bk. II. 

CoROiiLAEiES. 1. In any triangle the square on the side 
opposite an acute angle equals the sum of the squares on the 
other two sides, less Pumice the rectangle of either side and the 
projection of the other side on it. 



For, in the above figufe, 

h''+(b-ay = c\ 
.■.Ji' + h-'+a'^-2a'b^c\ 
.•.a^ + b-'-2a'b = e\ 
The truth of the corollary is, however, evident from prop. IX ; fur if 
Z. ba becomes 90°, a' = and prop. IX becomes prop. VIII ; and if Z 6« 
becomes acute, a' passes through and becomes negative, and □ a'b 
becomes negative ; .-. step 2 becomes a^ + V — 2 a'b = c\ 

2. Converse of props. VIII, IX, and prop. IX, cor. 1. The 
angle opposite a given side of a triangle is right, obtuse, or 
acute, according as the square on that side is equal to, greater 
or less than the sum of the squares on the other two sides. 

Law of Converse (§ 73). "Write out the proof in full. 



Esercises. 208. In the figure of prop. VIII, the meiiians of A ABC 
are perpendicular to and equal to half of EM, HE, LG, respectively. 
(Complete the □ BCA V, and prove CF = and X KM, etc.) 

209. XOY is any angle, and from B, on OY, BA is drawn J, OX; 
from B is drawn BZ II OX ; now (f F can be found on BA, so that OP 
produced to cut BZ in Q, makes PQ-2 OB, then Z XOQ -iZ XOY. 
(That is, £XOY is trisected. It has been proved that this famous 
problem of the Greehs, to trisect any angle, cannot be solved by 
elementary geometry, that is, by using the compasses and straight-^ge 
only. There are various solutions If other instruments are allowed.) 

210. Pi-ove algebi-aically that if n is an even number, then it, ^ n^ — 1, 
J ji^ + 1 are numerically the sides of a right-angled triangle (Plato), and 
that they are integers. 
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Eq,lIALIT¥ OF POLYGONS. 



Pkoposition X. 



160. Theorem. The sum of the squares on any two sides of 
a trianyle equals twice the sum of the squares on one-half the 
third side and on the median to that side. 



Given the A abc, and m tlie median to c. 

To prove that «^ + i'^ = 2 f | j + wiM ■ 

Proof. 1. Let m' be the pTOJectioii of m on c, aiid suppose 
Z.om acute. 

2. Then a' =(^j + '"' ~ ^ (|) '"'' ^™P' ^^' '^"''- ^ 

=(i)"+'«-+KO»"- ^^'"^^ 

If ^ cm is obtuse, then Z jjtc is aoute, and tlie proof 
merely interchanges a, b without affecting step 3. 
If Z em is right, then m' = in step 2, but 3 is not 



and 



3. .■.«= + &= = 



Exercises. 211. In prop. X, prove that 4 m^ = 2 (o^ + &^) - c^. Hence 
show that in a right-angled triangle (in which a^ + 6^ = c^) the median 
to the hypotenuse equals half the hypotenuse. 

212. From ex. 211, what is the loeua of the vertex of the right angle 
of a right-aaiglcd triangle with a given hypotenuse ? 

213, Tlie sides of a triangle are 10, 12, 15 inches. Is the triangle 
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PLANE GEOMETRY. 



Proposition XL 



161, Theorem. The sum of the squares on the sides of a 
quadrilateral equals the swm of the squares on the diagonals 
plus four times the square on the line joining the mid-points 
of the 




Given a quadrilateral abed, convex, concave, or cross, with 

diagonals t, /, and with m joining the mid-points 
of.,/. 

To prove tliat a^ + b'^ + (^ + d^ ^ e^ +/= + 4 m\ 



Proof. 


1. In the figure, 


a' + d'. 


^....(S) 


I. 


Why? 




and 


I 


•• + c' = 


2." + 2 (/J. 




Why ? 




2. .-. <.' 


< + i' + c 


' + d' = 


2(i- + j/') + 4| 


(S) 


Ax. 2 








- 


t' + f + im'. 


Prop. 


-(IT- 

I'rop. X 
VI, cor. 1 



COBOiiLAKT. The sum of the squares on the diagonals of a 
parallelogram equals the sum of the squares on the sides. 

For then ni = 0; I, prop. XXIV, cor. 2. 

KoTB. The theorem, is due to Euler. The corollary was, however, 
known to the Greeks. 
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PROBLEMS. 



2. PROBLEUS. 

Pkoposition XII. 

162. Problem. To construct a triangle equal to a given 
polygon. 




Given polygon ABODE. 

Required to construct a A equal to ABODE. 

Construction. 1. Produce BA, join D and A, draw ^i?* 11 DA, 
meeting BA produced at F ; draw DF. 

§ 28, post, of St. line ; I, prop. XXXIII 
2. Then polygon i^BC^Z) has one less side than ABODE, 
and wiU be proved equal to it. Continue the process 
rmtil a A is reached (Fig. 2). 

Proof. 1. ■-■ EF II BA, 

.-. AJDF = AADE, having saure hase AD. 

Prop. II 

2. Adding i)o\jgoii AB CD, FBCD = ABODE. Ax. 2 

3. Similarly thereafter. In Pig. 2, A FGD is the tri- 
angle required. 

Exercise. 214. To construct a rliombus equal to a given parallelo- 
gram, and on the same base. IJiscuss for impossible cases. 
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Proposition XIII. 

163. Problem. To eonstruet a iquare equal to a given 
polygon. 



AJ 



— ..J 



Given polygon G. 

Required to consti'uct a squaie equal to G. 

Construction. 1. Construct a A equal to Q. Prop. XII 

2. ]5y drawing a line through the vertex of this A II to 
the hase, and erecting J_'a from an extremity and 
the mid-point of the base, construct a □, as ABCD, 
equal to this A. I, props. XXIX, XXXI, XXXIII 
Then if J5 = DA, ABCD is the required D. 

3. If not, produce AD to E, making DE= CD; § 28 
bisect AE at 0, T, prop. XXXI 
and with center and radius OE, describe a scini- 
circumference. § 109, post, of O 

4. Produce CD to meet circumference at F, % 28 
and construct a square on DF. I, prop. XXXIX 
Then DF"^, S in the figui'C, is the required n. 

Proof. 1. J)i-&w OF, let r = OF ^0A = OF, a.niix= ODi 
then CD = DE ^r — x, 

and AD = r + x. 

2. Then {r + x) {r - a^) - r= - x^ Prop. VII 

= x^ + DF^-x^ = DF^ Why? 

3. IJut (r + X) (i- - a-) = □ ABCD = G, Const. 2 
and .■. DF' ~ polygon G. Ax. 1 
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PROBLEMS. 



BSEBCISES. 

215. If one angle of a triangle is two-tliirds of a straigUc angle, show 
that tlie square on the opposite side equals the sum of the squares on the 
other two sides, together witli their rectangle. 

216. Trove prop. XI for a concave quadrilateral. 

217. If Z P ^ 180° and SP - PQ, show that prop. XI reduces to a 
previous theorem. 

218. Prove prop. XI, cor. directly from. prop. X without reference to 
prop. XI. 

219. If ABCDis anj quadrilateral, and the mid-points of the diagonals 
are joined by a line bisected at JIf, and if P is any point, then PA' + PB^ 
+ PC^ + PIJ^ = MA'^ + Mm + MC + MB' -i-iPM\ 

220. To construct a parallelogram equal 
to a given triangle, and having one of its 
angles equal Ia a given angle. 

221. To construct a parallelogram equal 
a given square, ' 



having 
the square. 

on the same 



> half the a 



gle of 



triangle ■ 



n triangle, and 



a triangle equal to a give 
one of its angles equal to a given angle. 

224. To construct a parallelogram equal to 
its perimeter equal to that of the triangle. (In the figure of ex. 230 how 
must MD compare witli BC + CA ?) 

226, To construct a square equal to Uio sum of two given squares. 
(Apply prop. VIII.) 

226, On a ^ven line to construct a rectangle equal to a given, rectangle. 

227. On one side of a triangle as a diagonal to construct a rhombus 
equal to the given triangle. 

)2!8. Prove that in any triangle three times the sum of the squares on 
the sides equals four times the sum of the squares on the three medians. 

229. Also that three times the sum of the squares on the lines joining 
the centroid lo the vertices equals the sum of the squares on the sides. 

230. If one angle of a triangle is one-third of a straight angle, show 
that the square on the opposite side equals the sum of the squares on the 
Other two sides less their rectangle. 



n parallelogram, and liaving 
a given triangle, and having 
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3. PEACTICAL MENSURATIOM. 

164. For practical purposes a surface is measured as 
follows : 

1. A squai'e unit is defined as a square wliich is one lineai- 
unit long and one linear unit wide. 

That is, a square mcU is a square that is 1 in. long and 1 in. wide ; a 
square meter is a square that is 1 m. long and 1 m. wide, ttc. In llie 
figure the shaded square is considered as a square unit. 

2. If two sides of a rectangle ai-e 3 in. and 5 iu. respec- 
tively, then, in the figure, the area of the 
strip AJi is 5 X 1 sq^. in., and the total area 
is 3 X 5 X 1 sq. in., or 15 sq. in. 

Tlieoi-etically, a rectangle rarely haa sides 
both of which exactly contain any lineai' 
unit, however small. Such cases ai'e discussed in Book IV. 
But for practical purposes the above method is approximate 
to any required degree. 

At present it is necessary for the student to learn that geometry gives 
him an instrument for practical work. It will accordingly be assumed 
that the measurements can be made to any degree of approximation, and 
that the expressions area, measure, etc., are understood in their ordinary 
sense. It has already been explained that the rectangle of two lines 
corresponds to the product of two numbers ; hence, in practice, lines are 
represented by numbers, and their rectangles by the products of those 
numbers. This practical measurement will be exemplified hereafter, as 
it has already been to some extent, in the numerical e: 



Exercises. 231. A fleld is in the form of a rhombus, the obtuse angle 
being twice the acute angle ; the shorter diagonal is 300 feet. Find the 
area of the field in square feet. 

232, A railroad embankment extends through a farm 1 mile long, its 
rails being in straight lines perpendicular to the two parallel sides of the 
farm ; the embankment is 80 ft. wide at the bottoni at one end, and 60 ft, 
at the otber. How much land was taken for railroad purposes ? 



Hosted by 



Google 



PRACTICAL MXNSUEATIOIf. 



oile long and 3 rods wide; 



233. A road nmning across a farm it 
the road being rectangular, find its area 

234. Tlie side of an equilateral triangle is 15. Find the area. 

235. In excavating lor a canal 80 ft. deep, 2(X) ft. wide at the top, and 
160 ft. wide at the bottom, what is the area of a cross-section ? 

236. One diagonal of a quadrilateral is 100, and tlie perpendiculars, 
from the other two vertices, upon it, are 50 and 40. Find the area. 

237. The area of a triangle Is a and the altitude is h. Fiiid the base. 
Investigate for a ~ 325.85, A = 38 ; also for a = 100, ft = 100. 

238. The area of a trapezoid is a and the two bases are &i, b^. Find 
the altitude, Investigate for a = 223.375, &i = 13.5, bs = (iA; also for 
a = 10, bi = 0, 62 = 10. 

239. Tlie area of a trapezoid is 642.5, the altitude is 21,7, and the 
difference between the parallel sides is 11.2. Pind those sides. 

240. The area of a square is 2. Find the side of a square of twice the 
area ; thrice the area ; four times the area. 

241. The altitude of an equilateral triangle is 160, Find the area, 

242. The base of an isosceles triangle is j of one of the equal sides, 
and the altitude Is 10, JTind the area. 

243. Two sides of a right-angled Uiangle are 1036 and 1173. Find 
the hypotenuse and the area. 

244. Find to three decimal places the diagonal of a square whose area 



245. In a right-aJigled triangle the perpendicular from the v< 
the right angle divides the hypotenuse into two segments, 2.88 ai 



s of 



rtex 4 of A ABC, AD J, BC. Find the lengths of 

AB = 307.8, CA = 480.168, BC = 689.472. 
wishing to erect a perpendicular to a line on the 
kes, Af B, 12 links apart ; to q 
ids of a 24-link segment, and 
tlie end of the 9th Irak from 
AC±AB. (This method of 
rs was known to the temple 
and surveyors employed for 



and pyramid bmldt 

this purpose were called "rope stretchers." The method 

practical field work.) 



i still Hi 
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BOOK in. — CIRCLES. 



165. Definitions. A cirde is the linit-e portion of a plane 
bounded by a curve, whieli is called tlie circumference, and is 
such that all points on that line are equidistant from a point 
within the figure called the center of the circle. 

For corollaries and postulates, see §g 108, 100. 

Certain definitions are liere repeated lor convenience. 

If two equal figures are necessarily congruent, aa in the case of circles, 
angles, squares, and line-segments, the word equal is ordinarily used to 
eipress congruence. Hence congruent circles {see § 108, 2) are ordinarily 
called simply equal. 

A straight line terminated by the 
center and the circumference is called 
a radius. 

A straight line through the center 
terminated both ways by the cir- 
cumference is called a diameter. 



166. The straight line joining any 

" " " imt en e a e 1 a cho d 




two 1 o n on a 






The rp i 



I segment is called a 



167. The line of which a cl 
secant, as XY in the figui'e. 

168. A part of a circumference is called an arc. 

In the figure, BCD is aa arc. As in naming an angle, the eounier- 
clockwise order is followed, and arcs bo named are considered positive. 



Hosted by 



Google 



169. One-half of a ciraimference is called a semicircum- 
f ere nee. 

170. A fourth part uf a circumference is called a quadrant. 

171. An angle formed by two radii is called a central angle. 
In the figure, AAOB, B0£ are central angles, 

173. A central angle is said to stand upon the arc which lies 
within the angle and is cut off by the arms. 
A AOS, BOE stand upon AB, £e, respectively. 

173. The arc upon ■which the sum of two central angles 
stands is called the sum of the arcs upon ivhich those angles 
stand. Similarly for the difference of two arcs. 

Thus, jQ: = AB + BE, and ^ = AB - Bh. 

174. Two ai'cs are said to be complements of each other if 
their sum is a quadrant ; supplements of each other if their 
sum is a semieiicumferenco ; conjugates of each other if their 
sum is a circumference. 

In the iigure, AB is the supplement ol BE and the conjugate of BA. 

175. An arc greater than a semicircumference is called a 
major arc ; one less than a semicircumference, a minor arc. 

In the figure, AB, BB, BE are minor arcs ; BEA is a major arc. 

176. Conjugate arcs are said to be subtended by their com- 
mon chord. 

Ill the figure, BB and BB are each said to be subtended by chord BB, 
The word sulitend is variously used in geometry. It means to extend 
under or to be opposite to. Hence In a triangle a side is said to subtend 
an opposite angle, a cUord is said to subtend an arc, etc. 

177. A portion of a circle cut off by an arc and two radii 
drawn to its extremities is called a sector, and the central 
angle standing on that arc is called the angle of the sector. 

In the figure, OAB is a sector, and ^ AOB is its angle. 
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1. cemteal angles. 

Proposition 1. 

178. Theorem. In the same circle or in equal circles, if 
two central angles are equal, the arcs on which they stand 
are equal also, and of two unequal central angles the greater 
gtands on the greater arc. 




Given M, M\ two equal circles, aud central angles 

AOB=^A'0'B', AOC> A'O'B'. 
To prove tliat AB = A^', and AC > A^B'. 
Proof. 1, riace O JW' on G M so that Z A'O'B' coincides with 
its equal Z AOB. 
Then A' coincides with A, and B' with B. 

§ 165, def. O 

2. Then A'B' coincides with AB, because its points are 
equidistant from 0. % 165, def. 

3. Also, ■■■ ZAOO Z A'O'B', 

.-.ZAOOZAOB. 

4. .-. C is not in Z AOB, and AC > Ali. Ax. 8 

5. And ■.■ AB = jTb', .-. aTi > jC~B'. Ax. 9 
The proof is essentially the same for a single circle, 
and so in general when equal circles ai'e involved. 
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Prof. I.j CENTRAL ANGLES. til 

Corollaries, 1. Sectors of the same circle or of equal 
circles, which have equal angles, are equal. 
For, by steps 1, 2, they coincide. 

2. Sectors of the same circle, or of equal circles, which have 
unequal angles, are unequal, the greater having the greater 
angle. 

This is proved by superposition in steps 3, 4, 5, of the proposition. 

3. The two arcs into which the circumference is divided by 
a diameter are equal. 

For their central angles are straight angles, and tliese being nqual the 
arcs are equal by the pioposJtlou. 

4. The two figures into which a circle is divided by a diam- 
eter are equal. 

For their central angles are straight angles. Hence by cor. 1 they 

This eorollary is attributed to Thales. 

179. Definition. The fi^re formed by a semicircumference 

and the diameter joining its extremities is called a semicircle. 

It is proved {cor. 4) that all semicircles, cut from the same circle, are 

180 S t 3rO equa ai g es n w e 

at e te ot a c le 3 mag et to be d le 1 an I w 

equa i cs bj p op I tl e o ■d nar n u at o of angles I 
de rees saso selfo axe '^naijfom utes se on I 
an I othe n ea. uements Hen e tl e n mon exp es^ on n 
q a he n s d b e s la 

The expression is not strictly correct ; we do not measure an angle by 
an arc, but the angle and arc have the same laimericai measure, as will 
be proved in § 254, We might as truly say that an arc is measured by 
its central angle. But the expression is so commonly used, and has found 
its way into so many textbooks and examination pafcrs, that the student 
needs to become familiar with it. 
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PLANE GEOMETRY. 



1 KOPOSITIOS 



II. 



181. Theorem. In the same circle or in equal circles, if 
two arcs are equal, the central -angles which they subtend are 
equal also, and of two unequal arcs the greater subtends the 
greater central angle. 

Proof. If and 0' ai-e two central angles, and A, A' are the 
arcs on which they stand, it has been proved in prop. I 

If > 0', then A > A', 
'< 0= 0', " A = A', 

" o< 0', " A< a: 

Hence the oonTCrseB are true, by the Law of Converse, § T3. 

Corollaries. 1. In the sams circle or in equal circles, 
equal sectors have equal angles ; and of two unequal sectors, 
the greater has the greater angle. 

Law of Converse, § 73, from prop. I, cots. 1, 2. 

2. A central angle is greater than, equal to, or less than, a 
right anffle, according as the arc on which it stands is greater 
than, equal to, or less than, a quadrant. (Why ?) 



Exercises. 248. If two lines drawn to a circumference, from a point 
within the circle, are equal, they subtend equal central angles. 

219. Prove tlie converse of ex, 248. 

2S0. Two circnmferences cannot bisect eact other. 

351. Suppose from the point P on a circumference two equal cliords, 
PA, FB, are drawn. Prove (1) that these chords suhteiid wjual central 
angles, (2) that they subtend equal arcs. 

253. The arc AB is bisected by the point M, and MC is a diameter ; 
prove that chord AG = chord BC. 

S53, How many degrees in the central angle standing on a third of a 
circiiinferenoe ? a fourth? a fifth? 
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CHORDS AND TANGENTS. 



2. CHORDS AHD TAMGEHTS. 
Proposition III. 

182. Theorem. In the same circle or in equal circles, if 
two arcs are equal they are subtended by equal chords, and 
of two unequal minor arcs the greater is subtended by the 
greater chord.- 




Given two equal circles, M, M' ; two equal area, K, K'; 
and two unequal minor arcs, K>K". 

To prove tliat, as lettered in the figure, chords AB =■ A'B', 
AB> CA'. 

Proof. 1. Draw the radii OA, OB, O'A', O'B', O'C. Then 

■.■ K = K', .•./LAOB=/.A'0'B'. Prop. II 

2. But ■•■ QM^QM', 

.-. OA = 0B = O'A' = O'B' = O'C. 

3. -■. A OAB ^ A O'A'J}', and AB = A'B'. Why? 

4. Also, 

■.■ K> K", .-. Z AOB > Z CO'A', Prop. II 
.-, AB> CA'. I, prop. X 

COKOLLARY. In the same circle or in equal circles, of two 
unequal major arcs, the greater is subtended by the less chord. 
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PkO POSITION IV. 



183. Theorem. In the same cirele or in equal circles, if 
two chords are equal they subtend equal major and equal 
minor arcs ; and of two unequal chords the greater subtends 
the greater minor and tfie less major are. 

Proof. Let C, C be two chords of the same cii-cle or of equal 
cii'cles ; jV, N' their corresponding minor arcs ; 
J, J' " " major ai'cs. 

i'rom prop. Ill, 

if iV" > N', or a J < J', then C > 0", 
" N^N', " " J=J', " C = C", 

'■ N<N', " " j>j', " c < c: 

Hence the converses ai'C true, by the Law of Converse, § 73. 



Eierciaes. 264. If through a point in a circle two chords are drawn 
making equal angles with the diameter through tiiat point, these chords 
cut off equal arcs of the circle. 

265. The intersecting chords joining the extremities of two equal arcs 
of a circle are equal. 

256. What is meant by an arc of 75° ? by one of 300° ? Can the sum 
o£ two arcs ever exceed aa arc of 3(10° ? Draw a figure to illustrate 
your answer. 

257. Does the chord Rubtending the arc 2 o equal twice the chord sub- 
tending the are a ? Prove your statenient. 

258. May the chord subtending the arc 2o ever equal the chord sub- 
tending the arc a? If not, show why ; if so, tell how many degrees in 
the arc a. 

259. How many degrees in the supplemeni of the arc 90°? 17o°? 
180°? Iti0°? 

260. How many degrees In the conjugate of the arc 180°? 300"? 
360=? 400°? 

261. How does the length of the chorf subtending an arc of 60° com- 
pare with that subtending an arc of 90° ? 300° ? (Call the ludius r, and 
determine each in terms of r.) 
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Pkoposition V. 

184. Theorem. A diameter which is perpendicular to a 
chord bisects the chord and its subtended arcs. 




Proof. 



Given the diameter Ji2) perpendicular to ohord AC at £. 
To prove that {1)AE=EC, 

(2) Hi - ifC, (3) DA - ClX 

1. Drawing radii OA, OC, then 
(M = OC, 
AB = EC, 
.-. ZAOE^ZEOC. 

.■.A]l = lTc. 

■.■ /.DOA^ACOD, 

.-.1)1= CI). 



and 



3. And 



§ 109, post, of G 

I, prop. XX, cor. 6 

I, prop. XX, cor. 5 

Why? 

Prel. prop. IV 

Why ? 

diameter which bi'ieots a. 



Corollaries. 
chord is perpendieular to it. 

For ■.■ AE = EC, and OA = OC, .-. DB lias two points equidistant 
from A and C. Hence, being determined by tliese points, it is ± to j1 C, 
by I, prop. XLI. 

2. The perpendicular bisector of a chord passes through the 
center of the circle and biseA',ts the sithtended ares. 

For tlie center is equidistant from the ends of the chord, by definition 
of ^ circle ; ■■■ it lies on the perpendicular bisector of the chord, by 
I, prop. XLI. 
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PeopOsiTION VI. 



185. Theorem. All points in a chord lie within the circle ; 
and all poinds in the same line, but not in the chord, lie 
without the circle. 



Given the points Pi in a chord AB, and Pj in J/i pro- 

duced. 

To prove that P, is within the circJe, and Pj is without. 

Proof. 1. Suppose the center, and OA, OB, OFi, OFt drawn, 
and OMJ.AB. 
Then ilf is between A and li. Prop. V 

2. And •■■ ZAOM> ZPjOjV, 

.-. AO > FyO, T, prop. XX 

and .-. Pi is within the O. 5 108, def. O, cor. 3 

3. And ■.■ /:MOPi> AMOB, 

.■.P,0>£0, I, prop. XX 

and .'. P, is without the O. § 108, def. O, cor. 3 

CoKOLLART. A straight line cannot meet a circumference 
in more than two points. 

For every other poiiil on that line must be either between or not 
between those two points, and hence must iie either within or without 



Exercises. 262. Prove that, in general, two chords of a circle can- 
not bisect each other. What i,s the exception ? 

263. What is the locus of the mid-points of a pencil of parallel 
chords of a circle ? Why ? 
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Pkoposition VII. 



186. Theorem. In tJte game circle or in equal cireleB, equal 
chords are equidistant from the center; and of two ia 
chords the greater is nearer the center. 




1®M, M', with chords AB = J'B', AE > 

A'B', and OC, 01), O'C Us from center ta AB, 

AE, and from center 0' to A'B'. 

To prove that (1) OC^O'C; (2) OD < O'C 

Proof. 1. C, C bisect AB, A'B', Pi-op. V 

,'. AC ~ A'C", being halves of eyual chords. Ax. 7 

2. Draw OA, O'A'; then ■.■ OA = O'A', 

and Z. C — ^ C, Piel. prop. I 

.-.AACO^AA'CO', I, prop. XIX, cor. 6 
and OC - O'C, which proves {!). 

3. And ■.■ AE > A'B', 

then AE > AB, which, stumls A'B'. Ax. 9 

4. .-. minor AFE > AFB, 

so that E does not lie on AFB. Prop. IV 

6. And ■-■ O and AB ai'e on opposite sides of AE, 
.-. OC cuts AE, as at G, and OD < OG. 

I, prop. XX 

6. And -.- OG < OC, .-. OD < OC Ax. 9 

7. And -.- OC ^ O'C, .-. OD < O'C. Ax, 9 
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Pkoposition VIII. 



187. Theorem. In the same circle or in equal oireles, 
chords that are equidistant from the center are equal ; and 
of two chords unequally distant, the one nearer the center is 
the greater. 

Proof. If c, c' are two chords of the same circle ot of eqasi 

circles, and d, d' are the respective perpendiculars from 

the center upon them ; then from prop. VII, 

If e > c', then d < d', 

" c = e', " d = d", 

" c < c', " d> d'. 

Hence the couverses ai'c true by the Law of Converse, § 73. 

CoBOLLAKY. The diameter is the greatest chord in a circle. 
for its distance from the center is kbto. 



14. AB is a fixed cliord of a circle, and XY is any 
other chord liaving its mid-point P on AB. What is the greatest and 
wliat is the least length that JCY can have ? 

265. What is the locus of the mid-points of equal chords of a circle ? 

266. Two parallel chords of a circle are 6 inches and 8 inches, respec- 
tively, and the distance between them is 1 inch, find the radius. 

2CT. Two chords are drawn through a point on a circumference so as 
to make equal angles with the radius drawn to that point. Prove that 
the chords subtend equal arcs. 

268. If from the extremities of any diameter perpendiculars to any 
secant are drawn, the segments between the feet of the perpendiculars 
and the circumference will be equal. Draw the various figures. 

269. If two equal chords of a circle intersect, the segments of the 
one are equal respectively to the segments of the other. 

270. Find the shortest chord which can be drawn through a given 
point in a circle. 

271. The circumference of a circle whose center lies on the bisector of 
ail angle cuts equal chords, it any, from the arms. 
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KOPOSITIOS 



IX. 



188. Theorem. Of all lines passing through a point on a 
eircumference, the perpendicular to the radiux drawn to that 
point is the only one t}tat does not meet the oircutnference 




Given point -P on tlie eireumferenee of a O with center 0, 
and AB, PC, respectively perpendicular and oblique 
to OF at P. 

To prove that AB does not meet tlie eireumference again, but 
that Pt'does. 

Proof 1. Let OM X PC, and OA'be any oblique to AB. 

Tlien OM < OP, I, prop. XX 

and .■. 31 is within the O, and PC cuts the circum- 
ference again. §§ 108, 109 

2. Also, OX > OP, Why ? 
and .-. X, any point except P on AB, is without 
the G. § 108, def. O, cor. 3 

3. .'. the perpendicular does not meet the circumference 
again, but an oblique does. 

189. Definitions. The unlimited straight line which meets 
the circumference of a circle in but one point is said to touch, 
or be taagent to, the circle at that point. The point is called 
the point of contact, or point of tangency, and the luie is called 
a tangent. 
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A tange-nt from a, point to a circle is to be understood as the 
segment of the tangent between the point and the circle. 

If Uie two points in whicli a, secant cuts a circumference continually 
approach, the secant approaches tlie condition of tangency. Hence the 
tangent is sometimes spoken of as a secant in Us llmitinff position. 

CoKOLLAKiES, 1. Onc, and only one, tangent can be drawn 
to a circle at a given point on the circumference. 

For the tangent is perpendicular to the radius at that point, and there 
is only one such perpendiculai-. (Has this been proved ?) 

2. Any tangent is perpendicular to the radius drawn to the 
point of contact. (Why ?) 

3. A line perpendicular to a radius at its extremity on the 
circumference is tangerd to the circle. (Why ?) 

4. The center of a circle lies on the perpendicular to any 
tangent at the point of contact. 

'Eat the radius t« that point is perpendicular to the tangent, and as 
there is only one such perpendicular at that point (prel. prop. II), that 
perpendicular mnst be the radius. 

5. The perpendicular from the center to a tangent meets it 
at the point of contact. 

For the radius to that point is perpendicular to the tangent, and there 
is only one perpendicular from the center t« tlie tangent. 

Exercises. 272. Show that of these three properties of a line, (J) the 
parsing through the center of a circle, (2) the being perpendicular to a 
given chord, (3) the bisecting of that chord, any two in general neoeBsi- 
tate the third. In what special case is there an exception P 

273. If a oliord is bisected by a second chord, and the second by a 
third, and tlie third by a fourth, and so on, the points of bisection 
approach nearer and nearer the center. 

274. Tangents drawn to a circle from the extremities of a diameter 
are parallel. 

275. The diameter of a circle bisects all chords which are parallel to 
the tangent at either extremity. 
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CHORDS AND TANGENTS. 



Propositi ON X. 



190, Theorem. An unlimited straight line cuts a eircum- 
ference, touches the eircle, or dots not met t the circle, accord- 
ing as its distance from the center oj the nrcle is less than, 
equal to, or greater than, the radius 




Given OA, OB, OC, the perpendiculars from center of 
O M, to lines S, T, N, and respectively less than, 
equal to, greater than, the radius. 

To prove that 5 is a secant, T a tangent, N a line not meet- 
ing M. 

Proof. 1. A, B, C are respectively within thfe 0, on the circum- 
ference, or without the O- § 108, def. O, cor, 3 

2. .-. S is a secant. § 109, 2 

3. And T is a tai^ent, Pi-op. IX, cm-. 3 

4. N II T. I, prop. XVI, cor. 3 
.1 And .'.iVcannot meet 0JW because it cannot cross T. 

Corollary. The eonoerses are true. 

Let tlie student state this corollary in full, and show that the Law of 
Converse (g 73) applies. 

Exercises. 276. What is the locus of the extremities of equal tan- 
gents drawn from points on a circumference ? 

277. Two tangents meet at a point Uie length of a diameter distant 
from the center of the circle. How many degrees in their included 
angle? 
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3. AHGLES FOEMED BY CHORDS, SECAHTS, 
AMD TANGENTS. 

191. Defimtions. A segment of a circle is either of the two 
portions into which tho olrele is cut by a chord. 

If a segment is not a. semieirclG, it is called a. major oc a 
minor segment according as its arc is a major or minor are. 

E.g. DBC is a minor segment, and BDE it 
major segment. 

The fact that the word segment is used to me 
a part of a line, and also a part of a circle, v 
not present any difficulty, since the latter use 
rare, and the sense in which, the word is used 
always evident. It means " a part cut off," and 
is therefore applicable to both cases. 

192. The angle, not reflex, formed by two chorda which 
meet on the circumference is called an inscribed angle, and is 
said ta stand upon, or be stihtended by, the are which lies 
within the angle and is cut ofE by the arms. 

It is also called an angle inscribed in, or simply an angle in, the segment 
whose arc is the conjugate of the arc on which it stands. 

Z ADB is an inscribed angle, standing on AB ; it is also an angle in 
tlie segment HGDEA. Similarly, ABBA is in the segment BAC and 
stands on BA. 

193. Points lying on the same circumference are called 
coney clic. 

Ezercises. 278. If from the extremities of any chord perpendiculars 
to that chord are drawn, they will cut off equal segments measured from 
the extremities of any diameter. (Draw a perpendicular from the center 
to the chord.) 

279. If a tangent from a point B on a circumference meets two tan- 
gents from A, G, on the circumference, in points X, F; and if the lines 
joining the center to .^,X, Y, C, area, x, y, c, respectively, then Za:!/ = 
Z TO + Z ye, and XY = AX + YG. 



Hosted by 



Google 



CHORDS AND TANGENTS. 



Pkoposition XI. 



194. Theorem. An inscribed angle equals half the central 
mgle standing on the same arc. 




Given A VB an inacribed angle, and AOB the central angle 

on the same arc AB. 
To prove th&t Z AVB = i Z AOB. 
Proof. 1. Suppose VO drawn through center 0, and produced 

to meet the circumference at J^. 

Then Z XFB =- Z FBO. I, prop. Ill 

2. And Z XOB = Z XVB + Z FBO, Why ? 

= 2/:XVB. Step 1 

3. .-. Z XVB = i Z XOB. Ax. 7 

4. Similarly Z ^ FJ: = | Z ^ OX (ea«h = zero in Fig. 2), 
aud .■.ZAVB = i^AOB. Ax. 2 

The proof holds for all three figures, point A having moved 
to X (Fig. 2), and then through X (Fig. 3). 

195. The theorem is often stated thus : An iyiacrihed angle 
is Tnsasured by half its intercepted arc. 

This expression, like that mentioned in § 180 is not strictly correct. 
The angle and the arc simply have the same numerical measure as proved 
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[Bk. 



CoKOLLAEiES. 1. Anifles in the same segment, or in equal 
segments, of a circle are equal. (Why ?) 

2. If from a point on the same side of a chord as a given 
segment, lines are drawn to the ends of that choid, the angle 
included by those lilies is greater than, equal to, or less than, 
an angle in tlMt segment, according as the point is within, on 
the arc of, or without, the segment. 

This follows from cor. 1 and from I, prop. IX. Draw the figure and 

3, The converse of cor. S is true by the Law of Converse. 
Mence the locus of the vertex of a constant angle whose arms 
pass through two fixed points is an are. 

Let the student state the converse in full, and give the proof. 



Exercises. 280. In the figures on p. 129, prove that it P is taken 
anywhere on BF, then /LPBV + ZBFP is constant. 

281. In Fig. 3, p. 129, if BO is produced to meet the circumference 
at IT, and the point of intersection o! BIT and -4F is called r, prove 
that ii YVB and WAY are mutually equiangular. 

282. What is the locus of the vertex of a triangle on a given base 
and witii a given vertical angle ? Prove it. 

283. In Fig. 1, p. 129, suppose A to move freely on ; 
and suppose AATB, VBA bisected by lines meeting at 
the locus of P is a constant arc. 

284. If the vertices of a hexagon are concyclic, the si 
alternate interior angles is a perigon, (That is, the sum 
taking every other one.) 

285. Two equal chords with a common extremity are 
respect to the diameter tlu-ough that extremity, as an a 
their corresponding arcs. 

286. If from any point P, on the diameter AB, PX and PY are 
drawn to the circumference on the same side of AB and making 
A XPA = Z SPY, then & APX and YPB are mutually equiangular. 

287. If any number of triangles on the same base and on the same side 
of it have equal vertical angles, the bisectors of the angles are concurrent. 

288. Prove that two chords perpendicular to a third chord at its 



the aJ^i VAXB, 


( P. Show that 


lum of any three 


of three angles, 


1 symmetric with 


ixis i so also are 
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Proposition XIT. 

196. Theorem. An angle in a segment is greater than, 
equal to, or lens than, a right angle, aeeording as the segment 
is less than, equal to, or greater than, a semidrde. 




Given the segments ADE, ACS, ABE of a circle with 

(tenter 0, respectively less than, equal to, greater 

than, a semicircle. 
To prove that A AED, AEC, AEB are respectively greater 

than, equal to, less than, a right angle. 
Proof. 1. Draw OB, OD. 

Then ■-■ Z AED = i reflex Z AOI), Prop. XI 

.-.^AED > rt. Z. 

2. And ■■■ ZAEC' = if^t. AAOC, 

.■.AAEC = rt. Z. 

3. And ■-■ Z AEB = \ obli<iue Z WB 

.■.ZAJ<B < rt Z 

Corollary. A segment is ^esi than equal to or greater 
than, a semieirele, according as the angle in it is greater than, 
equal to, or less than, a right angle 

From prop. XII, by the Law of Conver e g 71 Let the student write 
out the proof. 



Why? 



Why? 



KoTK. The discovery that an 
attributed to Thales, who, traditi 
in honor of the event. 






?nn irrle i' a right angle is 
iirifii ed an ox to the gods 
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Proposition XIII. 



197. Theorem. An angle formed hy a tangent and a chord 
of a circle equals half of the central angle standing on the 
intercepted arc. 




Given AB a chord, £X' a 

(*nter of the circle. 
To prove that ZXAB = iZAOB, 

and Z BAX' = ^ Z BOA. 

Proof. 1. Produce AO to meet the circumference at C. 

Then ZXAC =iZAOC, 
= i St. Z. 

2. And ■■■ZBAC ^i^BOC, 

.-.ZXAB ^^/LAOB. 

3. Also, ■.- Z CAX' = ^Z. COA, 

.•.ZBAX' = iZBOA. 

Corollary. Tangents to a circle fr 
point are equal. 

For, connect the points of tangency, and two angles of the triangle 
are equal by this theorem. 

198, The theorem is often stated thus: An angle formed by 
a tangent and a chord of a circle is measured by half its inter- 



mgent through A, and the 



Why? 
Why ? 

Ax. 3 
Why? 

Ax. 2 
external 
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Pkoposition XIV. 

199. Theorem. An angle formed by two unlimited inter- 
secting lines which meet the circumference equals either the 
sum or the difference of half the central angles on the inter- 
cepted arcs, according as the point of intersection is within or 
without the circle. 




Given two lines XX', ¥Y' meeting a circumference at 

J, A' and B, B', respectively, and intersecting at P. 

To prove that Z A'FB' equals half the central angle on A'B' 

plus or minus half that on AB, according as P is 

within or without the circle. 

Proof. Snppose AB' drawn. 

Then A A'FB' = Z A'AB' ± Z AB'B. § 88 

— \ cent. Z on A' J" ± ^ cent. Z on AB. 

Prop. XI 

The theorem is thus re-stated for two of the special eases : 

OoKOLLAKiES. 1. An angle formed, by two chords equals the 
sum of half the central angles on the intercepted arcs. 

See Fig. 1, (State this as eu^ested in § 196,) 

2. An angle formed by two secants intersecting without the 
circle equals the difference of half the central angles on the 
intercepted a,rcx. 

See Fig. 2. (State this as au^e.sted in § 195.) 
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Prop. XIV is, of course, true for tangents as well as chords 
and secants. The following figures represent special cases. 






rig. J IS a speciaL case where P is at 0, and merely affirms that 
a cential angle equals iWelf. Fig. 4 shows that prop. XI is a special case 
of prop. XIV. Fig. 6 shows the same for prop. XIII. 



CoROLiAKY. 3, Ah angle formed by a secant and a tan- 
!/ent, or by two tanfjents, equals the difference of half the 
central angles on the intercepted ares. 

See Figs. 7 and 8. 
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200. Theorem. ^ two parallel linen intercept arcs on a 
■circumference, those arcg are equal. 




Fia. I. Fig. 2. Fio. 3. 

Given two parallel lines, / aiid IT, intercepting arts AB, 
CI>, on the cii-ciimference of a circle with centi^r 0. 

To prove tbat All -- CD. 

Proof. 1. Sii])posc YO Y' ± I, and to cut BC at M, Fig. 1. 

Then YY' X II. I, prop. XVIT, cor. 1 

2. And im=MC, and AM= Mb. Prop. V 

3. .-. AB -= CD. Ax. 3 

NoTK, ThR proof is the same for Figs. 2, 3 ; in Fig, 2, BC equals zero ; 
and in Fig. 3, JM also equals zero. It sliould be noticed that Figs. 1, 2, 
3, respectively, may be considered as special, or at least as limiting eases 
of Figs. 2, 7, and 8 of prop. XIV. In prop. XIV as P moves farther 
and "farther to the right the lines come nearer and nearer to being parallel, 
the angle AFB approaches nearer and nearer zero, and hence the cen- 
tral angles on arcs BA, A'E" approach nearer and nearer equality. It 
might therefore be inferred that when the lines become parallel, the ares 
become equal, as proved in prop. XV. 



Exercise. 289. The chords wliicU join the cxtrerailies of two equal 
arcs are eitiier parallel, or else they intersect and are equal and cut off 
equal segments from each other. 
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PLA2V-E GEOMETRY. 



i. INSCRIBED AHD CIBCDMSCRIBED TRIANGLES AND 
QUADRILATERALS. 



201. Definitioas. If the ver- 
tices of the angles of a poly- 
gon lie on a circuiiifei*ence, 
the polygon is said to be in- 
scribed in the circle, and the 
eircle is called a circumscribed 
circle. 




If the lines of the sides of 
a polygon are tangent to a 
circle, the polygon is said to 
be circumscribed about the cir- 
cle, and the circle is called 
an inscribed or escribed circle, 
according as it lies within or 
without the polygon. 




The words iji. 
being inscribed ir 



Escribed circle. 



HptiUe, eircumscriptiUe, eseripttble mean capable of 
bribed about, escribed to, a circle. 



Exercise. 290. If any fAvo chords cut within tlLo circle, at rigti 
angles, the suni of the squares on tlieir segments equals tbe square o 
the diameter. 
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CIRCLES AND POLTGONS. 



Proposition XVI. 



202. Theorem. A circumference can he described to pass 
through the three vertices of any triangle. {Circumscribed 
circle.) 




Given the points A, B, C, the vertices of A ABC. 

To prove that a ciiciiiufprence can be ilcsciibed to pass thiongh 

A, li, C. 
Proof. 1. There is such a circumference. g 131, cor. 2 

2. And the center of the O can be found. § 131, cor. 1 

Note. The relation between prop. XVI find prop. XVII slioolil be 
noticed. Similarly for props, XVIII and XIX, and for XX and XXI. 



EKereises. 291. Prove from prop. XVI and prop. XI that the sum of 
the interior angles of any triangle equals a straight aitgle. 

293. If the liypoteiiuse of a right-angled triangle is tlie diameter of a 
circle, the circumference passes through the rertex of the right angle. 
(CoROLLARr. The median from the vertex of the right angle of a right- 
angled triangle eqxuils half of the hypotenuse. ) 

293. A line-seginent of constant length slides so as to have its extrenii- 
jnstantly resting on two lines perpendicular to ea«h other. Find 

:he locus of its mid-point. 

294. If a circle is described on the line joining the orthocenter to any 
rtex, as a diameter, prove that the circumference passes through the 
It of the perpendiculars from Uie other vertices to the opposite sides. 

295. Prove that tlie perpendiculars from the vertices of a triangle to 
^he opposite sides bisect the angles of the triangle formed by joining their 

; the so-eaiied Pedai Triangle. 
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PLANE GEOMETET. 



Proposition XVII. 



203, Theorem. A circle ean be described tangent to the 
three lines of any triangle. [Inscribed and escribed circles.) 




Given the lines a, h, o, forming a A AUC. 

To prove that a circle can be described tangent to a, 6, c. 

Proof, 1. Let be the in-center, 0„ O3, O3 the ex-centera. 

Let OP, OQ, 0£±a, h, c. 

Then AAMO^ ^AQO, 

and A BEO ^ A BPO. I, prop. XIX, cor. 7 

2. .■.Oe=Ofl-OP. Why? 

3. ,-. P, Q, B are concyclic. § 108, def. O, cor. 3 

4. And ■.- AB J_ OR, AB is a tangent. 

Prop. IX, cor. 3 
Similaily, «, 0, 0, are tangent to the other tliree ®. 

Corollary. A circle ean be described tangent to three 
lines not all parallel nor concurrent. 
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CIRCLES AND POLYGONS. 



Pkofosition XVIII. 



204. Theorem. In an inscribed quadrilateral the sum or 
difference of two opposite angles equals the sum or differ- 
ence of the other two opposite angleSy according as the quad- 
rilateral is convex or cross. 





Given the inscribed convex quadi'i lateral ABCD. 
To prove that in Fig. 1, Z .4 + Z C = Z ^ + Z 2). 
Proof for Fig. I. 1. Z J + Z C = ^ central /- qo. BD -\- DB 
^ St. Z. Prop. XI 

2. Similarly, Z £ + Z i? = st. Z. 

3. .■.^A + ZC--.^B + 'CI>. §30 
Proof for Fig, 2. If the quadrilateral is cross, Z C — Z y1 

= A D — /I B, since each equals zero. Why ? 

CoKOLLAKiES. 1. A parallelogram inserted in a inrele has 
all of its angles equal, and is therefore a rectangle. (Why ?) 

2. The opposite angles of an inscribed convex quadrilateral 
are supplemental. 

Exercises. 296. In the figure o£ prop. XIII, if P is the mid-point 
of arc AB, prove that P ia equidistant from AX aiid AB. Suppose the 
arc BCA is taken, instead of AB. 



297. If a circle is described on one side of a tiiangle ai 
prove that the circumference passes through the feet of the perpendiculars 
drawn to the other two sides from the opposite vertices. 
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PLANE GEOMBTSY. 



PkO POSIT ION XIX. 



205. Theorem. In a circumscribed quadrilateral the sum 
or difference of two opposite sides equals the sum or differ- 
ence of the other two opposite sides, according as the quadri- 
lateral is convex or cross. 





Fta. I. ¥ia. 2. 

Given the circum.seribed convex quadrilateral abed. 
To prove that in Fig. 1, a + e — b + d. 
Proof for Fig. i, as lettered. 

1. fti — di, «2 = 61, ci = &J, C5 = d,. Prop. XIII, cor. 

2. .-. «, + a, + ci + ca = 6, + ia + (^i 4- fi,- Ax. 2 

3. Or, a + c = b + d. Ax. 8 
Proof for Fig. 2. If the quadrilateral is cross, e — a = d — h. 

1. ■.■ C| = 5,, and c^ — di, .'. c = ^2 + <^i. 

2. ■.- ai = da, and a^ = Ij, .". a = Si + d^. 

3. .■.e-a = d-b. Ax. 3 

Corollary. A parallelogram, circumscribed about a circle 
has all of its sides equal, and is therefore a rhombus. (Why?) 

Exerciaes. 398. The bisector of an aTigle formed by a tangent and 
chord bisects tlie intercepted arc. 

299. Given two pairs of parallel chorda, ABWA'B', and BC WRC; 
prove tbat AC 11 A'U. 
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CIRCLES AND POLYGONS. 



PbO POSITION XX. 



206. Theorem. Jf the mm of two opposite angles of a 
quadrilateral equals the sum of the other two opposite anglei, 
the quadrilateral is iiiscriptihle. 




Given the quadrilateral ABCD such that 

To prove that ABCD is inscriptible. 

Proof. 1. Suppose the circumference determined by A, B, C not 
to pass through D, but to cut CD at E. Prop. XVT 
Draw AE. Then AB + A AEC = AC-\-Z. BAE. 
Prop. XVI J I 
2. But; Z.B + /.D^Z.C + AA, 

and .-. Z JffC - Z Z> = Z BAE - Z ^, 
or, Z £'^ 7> = - Z EAD, I, prop. X FX 

But this is absui'd ; hence step 1 is absurd. 
The proof is the saine for D'. 

CoBOLLARY. If two Opposite angles of a quadrilateral are 
supplemental, the quadrilateral is inscriptilile. 

Exercises. 300. A square is inscriptible. 

301. Every equiangular quadrilateral is inscriptible. 

302. The intersection ot the diagonals of an equiangular quadrilateral 
is the center of the oiroumacribed circle. 

303. A circle is described on one of the equal sides of an isosceles 
triangle as a diameter. Prove tljat tlie circumference bisects ttie base. 
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PLANE GEOMETRY. 



Pkopositiom XXI. 



307. Theorem, If the sum of two opposite sides of a 
quadrilateral equals the sum of the other two opposite sides, 
the quadrilateral is circumscriptible. 



D E D' 




Given the quadrilateral ABCD such that 

AB-ir 0D = HC + BA. 
To prove that ABCD is ciroumscriptible. 
Proof. 1. Suppose the O tangent to AB, BO, CD not to be 
tangent to DA, but to be tangent to AVI. 

I'rop, XVII 

Then AB + CE = BC + EA. Prop. XIX 

2. But AB + CD = BC + DA, G-iven 

and -■. CD - CE, or ED, = DA - EA. Ax. 3 

But this is absurd ; hence step 1 is absurd. 

I, prop. VIII, cor. 
The proof ia the same for D'. 

Exercises. 304. A square is circumscriptible. (Notice tlie relation 
between exs. 300-302 and ess. 304-306.) 

305. Every equilateral quadrilateral is circumscriptible. 

306. The intersection of the diagonals of an equilateral quadrilateral 
is the center of the inscribed circle. 

307. A', B' are the feet of perpendiculara from^, B on a, 6 in A ^ 7;C ; 
M is the mid-point of AB. Prove that A B'A'M = Z MRA' = Z C. 
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TWO CIRCLES. 



5. TWO CIKCLES. 



208. Definitions. Two circles are said to touch or to he tan- 
gent wlien their circumferences liave one, and only one, point 



They are said to be intematly or exiemalty tangent according 
circle lies witliii or witliout Uie other. The more accu- 
a taitgent clreurnference, is often used instead of a tangent circle. 

The line determined by the centers of two circles is called 
their center-line ; the segment of the ceater-line, between the 
centers, is called their center-segment. 

If two circles have a common center, they are said to he 



The expression concentric circumferencea is also used. 



Exercises, 303. A triangle is inscribed in a circle. Prove that the 
sum of three angles, one in each segment of the circle, exterior to the 
triangle, equals a perigon. 

309. Prove that a perpendicular from the orthocenter of a triangle 
to a side, produced to the circumference of the circumscribed circle, is 
bisected by that side. 

310. Prove that the bisectors of any angle of an inscribed quadri- 
lateral and the opposite exterior angle meet on the circumference. 

311. If the diagonals of an inscribed quadriltoeral bisect each other, 
what kind of a quadrilateral is it ? 

313. Prove that if two consecutive sides of a convex hesagon Inscribed 
in a circle are respectively parallel to their opposite sides, the remaining 
sides are parallel to each other. 

313. Prove that the bisectors of the angles formed by producing the 
opposite sides of an inscribed quadrilateral to meet, are perpendicular to 
eaeh other. (A proof may be based on cors. 1 and 2 of prop. XIV.) 

314. Prove that if the diagonals of an inscribed quadrilateral are 
perpendicular to each other, the line through their intersection perpen- 
dicular to any side bisects the opposite side. (Brahmagupta's theorem.) 
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PLANE GEOMETRY. 



Proposition XXII. 



309. Theorem. If two cirewmferenees meet in a point 
which is not on their center-line, then {1} they meet in one 
other point, (2) their eenter-line is the perpendicular bisector 
of their common chord, (3) their center-segment is greater 
than the difference and less than the sum of the radii. 




Given M !Liid A', two circumferences witli centers A, B, 

meeting at jP not on AB. 
To prove tliat (1) they meet again, as at P'; 

(2) AB J_ P/" and bisects it, as at C; 

(3) AB > the difference between AF and BP 

and <AP + BP. 
Proof. 1. In Fig. 1, suppose A ABP revolved about AB as an 
axis of symmetry, thus determining A AF'B. 
Then ■.' AP' = AP, and BP' - BP, 
.'. P' is on both ilf and JV, which proves (1), 

§ 108, def. O, cor. 3 

2. In Fig. 2, -.■ AP = AP', and BP = BP', § 109, 1 

3. •'- A and B lie on tlic _L bisector o£ PP', which 
proves (2). I, prop. XLI 

4. AB > the diffei-ence between AP and BP and 
< AP + BP, which proves (3). § 75 and cor. 

Corollary. If two circumferenees mf.et at one point only, 
that point is on their center-line. (Why ?) 
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Prop. XXIII.] TWO CIRCLES. 145 

Peoposttion XX III. 
210. Theorem. If two eircles meet on their center-line, 
they are tangent. 



Given and 0', the centers of two circles with radii OA, 
O'A, which meet on their center-Uue at A. 

To prove that the circles are tangent. 

Proof. 1. Let P be any point, other than A, on circumference 
with center 0, and draw OP, O'F. 
Then 00' + O'P > OP or its ecLual OA. 

I, prop. VIII 

2. And ■-■ 00'=0A- O'A, 

.-. OA- 0'A+ 0'P> OA, 
or O'P > O'A, 

by adding O'A and subtracting OA. Axs. i, 5 

3. .'. P is without the circle with center 0'. 

§ 108, def. O, cor. 3 

4. And ■-" the © have only one point in common, 
.'. they ai'e tangent. § 208 

CoBOLLAKiES. 1. If two circumferences intersect, neither 
point of intersection is on the center-line. (Why?) 

2. If two circles touch, they have a common tangent-Une at 
the point of contact. 

For a perpendicular to their center-line at that point is tangent to 
botli. (Why ?) 

Exercise. 315. Find the locus of the centers of all circles tangent 
to a given circle at a given point. 



Hosted by 



Google 



.46 PLANE GEOMETRY. 

6. PHOBLEMS. 

Pkiiposition XXIV. 
211. Problem. To bisect a given arc. 



Solution. 1. Draw its chord AB. § 28 

2. Draw PC ± AB at its mid-point. 5§ 114, 116 

Then PC bisects the arc. Prop. V, cor. 2 



Proposition XXV. 



212. Problem. To find the center of a 
eireumferenee or any arc. 




Given a circumference, or an arc ABC. 
Required to find the center of the circle. 

Solution. 1. Draw two chords from B, as BA, PC. § 28 

2. Draw their X bisectors DD', ]^E', 5§ 114, 116 

intersecting at the center 0. § 131, cors. 1, 4 

Note. Hereafter it will be assumed that the center is known if an 
are ia known, for it may always be found bj this problem. 
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TWO CIRCLES. 



213. Problem. To draw a tangent to a given circle from 
a given point. 

1. If the point is on the oircumferenee. 

Solution. 1. At the given point erect a perpendicular to the 

radiua drawn to the point. I, prop. XXIX 

2. This is the required tangent, and the solution is 

unique. Prop. IX, cors. 3, 1 

2. Jf the point is vnthout the circle. 




Given a circle FF'B, with center 0; also an external 
point A. 

Required from A to draw a tangent to O FF'B. 

Construction. 1. Draw ^0. §28 

2. Bisect AO'AtM. I, prop. XXXI 

3. Describe a with center M, radius MO. § 109 

4. Join A to intersections of circumferences. § 28 
Then these lines, AP, AF\ are the required tangents. 

Proof. 1. The circumferences will have two points in common. 

and only two. Prop. XXII; I, prop. XLIII, cor. 3 

2. And ■.' A AFO, OP'A are rt. A, Why ? 

.-. AP, AP' are tangents. Why ? 

(Would this solution told for case 1 ?) 
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PLANE GEOMETRY. 



Pko POSITION XXVII. 



814. Problem, To draw a common tangent to two given 
eircles. 




Given two circles A, B, with radii )•, r' (r > r'), and centers 
0, 0', respectively. 

Required to draw a conimon tangent to them. 

Construction. 1. Describe © Ai, A^ (Figs. 1 aiid 2), -with centers 
0, and radii r — r' and r + r', respectively. § 109 

2. From 0' draw tangents O'C^ O'C^, to © A^, A^. 

Prop. XXVI 

3. Draw OC^, OC^, cutting circumferences A at E^, E^. 

§ 28 

4. Draw 07>, II 0E„ and O'A " KO. § 118 

5. Draw EiD^, E^Ej ; they are the tangents. 

Proof. 1. A Ci, C^ are rt. A. Why? 

2. In Fig. 1, 

■-■ C,^, = OS, -OC, = r--(r-r')^ r\ 

.-. C,E, = and II O'D,. Const. 1, 4 

3. .-. C,0'D,Ei is a □, and z^ j5^„ D, are rt. z^, 

I, props. XXV, XXII r, cor, 
and .-. A-Ki is tangent to © J^ }i. Prop. IX, cor. 3 
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TWO CIRCLES. 



149 



Similarly, in T g ^ _r C ^ = ami II D^0\ and E^D^O'C^ is a 
□ , and D^Ei is a tangent In both figures a second taiigent 
can evidently be diawn the solution being analogous to that 
above given. Hei e tl eie aie four tangents in general. 

XoTK. The following special cases aie of interest. 






In Fig. 3 tlic Iwo circles have moved to external taiigency, and the 
two interior tangents have closed up into odb. In i'ig. 4 the circumfer- 
ences intersect and the interior taj^ents bave vanished. In Fig. 5 the 
circles tiave become internally tangent and the two exterior tangents have 
closed up into one. In Fig. 6 the circle B lies wholly witliiii the circle A, 
and the tangents have all vanished. In all cases the center-line is evi- 
dently an axis of symmetry. 



317, Find the locus of the centers of all circles touching two intersect- 
ing lines. (Show that it is a pair of perpendiculars.) Suppose the two 
lines uere parallel instead of intersecting. 
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PLANE GEOMETRY. 



Proposition XXVIII. 



215. Problem. On a given line-segment as a chord to eon- 
struet a segment of a circle containing a g 




Given the line-segment AB and the Z. N. 

Required on AB to construct a segment of a circle, containing 

Construction. 1. Draw BD and AC, making AABD, BAG 
equal to Z iV". I, prop. XXXII 

2. Draw VT, the J. bisector of AB. I, prop. XXXI 

3. r>raw ±'s to ^C, BD, from A, B. I, prop. XXIX 
These X's will intersect YY' at the centers of the 
© whose segments on AB are required. 

Proof. 1. The two _L's from A, B, meet YY', as at O', 0. 

I, prop. XVII, cor. 4 

2. is the center of O with chord AB and tangent BB. 

Prop. V, mi. 2 ; prop. IX, cor. 4 

3. .-. Z ABI), or Z N, = A- central Z on ASb, 

Prop, XIII 
= Z in segment A BY. 

Prop, XI 
Similarly for segment Y'BA, where Z BAC = ^ 
central Z on the intercepted arc. 
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Sbo. 31f>.] TWO CIRCLES. 151 

216. Definitions, Two intersecting arcs are said to fonn an 
angle, meaning tliereby the angle included by their respective 
tangents at the point of intersection. 

An arc and a secant are said to form an angle, meaning thereby 
the angle included by the secant and the tangent to the arc at 
the point of meeting. 

E.g. in tie figure o£ prop. XXVIII, OB is said to make a right angle 
witli tlie ("ircumferenco EBA, l)efju«e It ia perpendicular to tie tangent 



Exercises 318 The biaectors of tiiu mtenor and the exterior verti- 
cal angles of a triangle meet the iircumacribed circumference in the 
nud-points of the arcs into which the base dmde^ that circumference, 
and tJie line jomnig tliuse pomta is the diameter which bisects the base. 

319. A triangle whose angles are, respectively, 30°, 50°, 100° is inscribed 
in a circle ; the bisectors of the angles meet the circumference in A, B, C. 
rind the number of degrees in the angles of A ABC. 

320. The three sides of AABC are, respecUvely, 412 in., 506 in., 
514 in.; required Ike lengths of the six segments formed by tlie three 
points of langeacy of the inscribed circle. 

321. The radii of two concentric circles are 29 in. and 36 in., respec- 
tively. In the larger circle a chord is drawn tangent to tlie smaller; 
re<inired its length. 

322. Twocircumferencesof cffcles of radii 0.5 ft. and 1.2 ft. intersect 
60 that the tangents drawn at their point of intersection are perpendicu- 
lar to each other. Required the distance between the centers. 

323. The distance between the centers of two circles of radii 7 in. and 
4 in., respectively, is 8 in. Required the length of their common tan- 
gent, between the points of tangency. Is there more tiian one answer ? 

324. Tlie distance between the centers of two circles of radii 327 in. 
and 116 in., respectively, is 739 in. Required the length of their com- 
mon exterior tangent, between the points of tangency. 

325. The distance between the centers of two circles is 165 in, ; the 
radii are 62 in. and 48 in., I'espectively. Calculate, correct to 0.001, the 
length of the longest line parallel to the center-line and 30 in. from it, 
limited by the circumferences. 

326. Through the point A, (1 in. from the center of a circle of radius 
4.5 in., two tangents, AT, AT, are drawn. Calculate the length of the 
chord 7*7" and its distance from the center. 
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APPENDIX TO BOOK III. — METHODS. 



217. The student has already been informed of three im- 
portant methods of attacking a proposition : 

(1) By Analysis {§ 113). 

(2) By Intersection of Loci (I, props. XLIII, XLIV). 

(3) By Beductio ad Absurdum (§ 74). 

He is now prepared to discuss these somewhat more fully. 

218. I. Method of Analysis. This method, first found 
in Euclid's Geometry, though attributed to Plato, may be thus 
described: Analysis is a kind of inverted solution; it assutnes 
the proposition proved, considers what results follow, and con- 
tinues to trace these results until a known proposition is reached. 
It then seeks to reverse the process and to give the usual, or 
Synthetic, proof. 

A more modern form of analysis is sometimes known as the 
Method of Successive Substitutions. In this the student sul> 
stitutes in place of the given proposition another upon which 
the given one depends, and so on until a f amilJar one is reached. 
The student reasons somewhat as follows : 



t. I can solve ^ if I can solve B. 

2. And I can solve £ if I can solve C. 

3. But I can solve C. 
Or he reasons thus: 

1. A is true if B is true. 

2. And B is true if C is true. 

3. But C l^ true. 

4. Hence A and B are true. 
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METHODS OF ATTACK. 



Illustkative Exercises, 1. Through a given point to 
Iraw a line to make equal angles with two intersecting lines. 




Anah/'iis Suppose x, y the lines, P the point, and I the 
rerjuired line, then, in the figure, Z c = Z a. + ^ J ; but'.'Zo. 
lb to equal Z. h, Z c = 2 Z a ; .■. if Z c is bisected, and 
a line is diawii thiough P parallel to this bisector, the con- 
struction i'i effected Now that the method is discovered, 
give the solution in the ordinary way. 



2 Through a given point to draw a line such that the seg- 
ments intercepted by the perpendiculars let fall upon it from 
tuo given poinff, shall he equal. 



Analysis. Suppose P the given point through which the 
line X is to be drawn, and A and B the other given points ; 
then, in the figure, AB and RD' X x, and DP is to equal FD'. 
Further, if AP is produced to meet Jiff produced at A', then 
A DPA ^ A D'PA', and .-. AP ^ PA'. But '.■ A and P are 
given, AP can be drawn, and PA' found ; -■. A' can be found, 
and .". A'B; then from Pal. can be drawn to A'B, and the 
problem is solved. Always give the solution in the ordinary 
way. 
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PLANE GEOMETRY. 



3. If two circles are tangent, any secant drawn through 
their point of contact cuts' off segments from one that contain 
angles equal to the angles in the segments of the other. 




Analysis. 1. Let CD be the common tangent to © O, 0' at 
their point of contant P. Ill, prop. SXIII, cor, 2 

2. Then an Z in segment A = an Z in segment A", if 

Aa = Za'. Ill, prop. XIII 

3, But Za^Z a'. Prel. prop. VI 



Exeicises. 327. To construct a trap- 
ezoid, given the four sides. 

Analysis. Assume the figure drawn. 
Tlien if d is moved parallel to itself and 
between c and a, to tlie posidon ¥Z, tlie 
A XTZ can easily be eonatruoted (T, 
' prop. XXXIV). The process may now 
constructed. 

328. To place a line so that 
circumferences, the line being equal and 
parallel to another line. 

Analysis. If O and C are the given 
circles, and AB the given line, and if 
O C is moved along a line parallel and 
equal to AB, then either XT or XT' 
answers the conditions. Hence the 
process may be reversed ; first describe 
0", and then from F, ¥' draw FX 
and Y'X' = and II BA. 



be reversed and the trapezoid 



sliall rest upon two giver 
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EXERCISES. 

329. Givei) two parallels, XY, JT'F', with a transvereal WZ limited 
by XT and X'y ; also two poiiits A, B, not between tie parallels, and 
on opposite sides of them. R^uired to join A and B by the shortest 
broken line wbicli shaU have MN, 

the intercept between XF and ^'F', 
parallel to WZ. 

Analy»Ui. K any MS iu the figure 
IS moved along NB parallel to its 
original position, until N coincides 
with B and H is at P, then AMiP < 
AMiP or AMzP (I, prop. VIII) ; 

hence AMiNiB is the shortest broken line. Hence the pi 
reversed ; first draw BP II and = ZW; then join A and P, tl 
and then draw MiNi II WZ. 

330. Tkroi^h one of the two points of inter- 
section of two circumferences to draw a line from 
which the two circumferences cut ofi chords having 
a given difference. (The projection of the center- 
segment on the required line equals half the given 
difference ; hence move this projection to the poBition 

OA ; the right-angled A Of/A can now be constructed, and the required 
line will be parallel to OA.) 

331. In ex. 330, show that if the two chords lie on opposite sides of P, 
the sum replaces the difference. 

332. In a given circle to draw a chord equal and parallel to a given line. 

333. From a ship two known points are seen under a given angle ; 
the ship sails a given distance in a given direction, and now the same two 
points are seen under another known angle. Find the positions of the 
ship. (On the line joining the known points, construct segments to 
contain the ^ven angles; the problem then reduces to ex. 328.) 

334. Construct a trapezoid, given the diagonals, their included angle, 
and the sum of two adjacent sides. 

335. To construct a triangle given a and the orthocenter. 

336. Also, given a and the centroid. 

337. To draw a tangent lo a given circle, perpendicular to a given line. 

338. To construct a triangle, A BC, having given c, Z C, and the foot 
of the perpendicular from C U> e. 

339. Find the locus of the points of contact of tangents drawn from a 
fixed point to a system of concentric circles. 
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219. II. Method of Intersection op Loci. This method, 
adapted chiefly to the solution of problems, has already been 
used in Book I (props. XLIII, XLIV). So long as it is known 
merely that a point is oa one line, its position is not definitely 
known ; but if it is known that the point is also on another 
line, its position mai/ be uniquely determined. For example, 
if it is known that a point is on each of two intersecting lines, 
the point is imiquely detei'mined as their point of intersection ; 
but if the point is on a straight line and a circumference which 
the line intersects, it may be either of the two points of inter- 
section. 

For convenience of reference the following theorems are 
stated, and will be referred to by the letters prefixed : 

a. Tfie locus of points at a given distance from, a given point 
is the drctimferenee described about that point as a center, vnth 
a radius equal to the given distance. {§ 127.) 

6. The locus of points at a given distance from a given line 
consists of a pair of parallels at that distance, one on each side 
of th^ fixed line. (§ 129, cor. 2.) 

c. The loctis of points equidistant from, two given points is 
the perpendicular bisector of the line joining them. (§ 128.) 

d. The locus of points equidistant frorn two given lines con- 
sists of the bisectors of their included angles ; if the lines are 
parallel, it is a parallel midway between them. (§ 129.) 

e. The locus of points from which a given line subtends a 
given angle *s an arc subtended by that chord. (§ 196, cor. 3.) 

Abbreviations. The foUowii^ abbreviations will be used : 
In the triangle AJiC the altitudes on the sides a, b, c will 
be designated by h^, \, h„ respectively; the corresponding 
medians by m^ in^, m^; the corresponding angle-bisectors 
terminated by a, h, c, by v„ w^, v^ ; the radii of the inscribed 
and circuin scribed circles by r, B, respectively ; the radius of 
the escribed circle touching a, and touching b and c produced, 
by r^ and similarly for r^, r^ 
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220. Definitiox. A triangle is said to he inscribed in 
another when its vertices lie lespectively on the sides of tlie 
other. 



Eicercises S40. To describe a circumference with a. giyen radius, and 

(1) Pi^smg through two given points. (Combine a and o.) 

(2) Passing through one given point and touching a given line, (a, h. ) 

(3) Passing through one given point and touching a given circle, (a.) 

(4) Touchmg a given line and a given circle, (a, 6.) 
(6) Touching two given circles, {a.) 

341. In a given triangle to inscribe a triangle with two oi its sides 
given, and the vertex of their included angle given, (a.) 

342. To describe a circumference passing through a given point and 
touching a given line, or a given circle, in a given point, (c.) 

343. On a given circumference to find a point having a given distance 
from a given line. (&.) 

344. On a given line, not necessarily straight, to find a point equi 
distant from two 0ven points, (e.) 

345. Describe a circumference touching two parallel Uues and passing 
through a given point, (d, a.) 

346. Find a point from which two given line-segments are seen under 
(or subtend) given angles, (e.) (Pothenot's problem.) 

347. Construct the triangle ABC, given ii, An, Wa- 

348. Also, given Z A, a, K- 

349. Also, given Z .A, a, w„. 

350. Also, given a, ftj, ftp 

351. Also, given Z.A, ft„, )i„. (First construct the right-angled tri- 
angle with sideAo and hypotenuse t)„,) 

352. Also, given ha, ma, B- (First construct the right-angled triangle 
with side ftu and hypotenuse mn ; then find the oircuracenter hy a, c.) 

363. Also, given a, E, h- (First construct the right-angled triangle 
with side A* and hypotenuse a; then find the circumcenter hy a.) 

354. Also, given e, r, Z j1 =90°; e, ?■„ Z -1 = 90° ; b, r, Z A = m" ; 
or b, r,.,ZA^ 90°. 

355. Describe two circles of given radii ri, rj, to touch one another, 
and to touch a given line on the same side of it. 



Hosted by 



Google 



168 PLANE GEOMETRY. [Bk. III. 

MISCELLANEOUS EXERCISES. 

356. It two circumferences intersect, any two parallel lines drawn 
through the points of intersection and terminated hy the respective cir- 
cumferences are equal. 

357. I£ the center-segment of two circles is (1) greater than, (2) equal 
to, (3) less than, tlie sum of the two radii, tlie circumferences (1) do not 
meet, (2) ate tangent, (3) intersect. 

358. The greatest of all lines joining two points, one on each of two 
given circumferences, is greater than the center-segment by the sum of 
the radii. 

359. If two cii'oles, wliose centers are O, tC, are tangent at P, and a 
line tlii'ough P cats the circumferences at A, A', prove that OA II (XA', 
Two cases ; external and internal tangency. Show that the proposition 
is true for any numher of circles. 

360. Through a vertex of a triangle to draw a straight line equally 
distant from the other vertices. 

361. Describe a circle of given radius to touch two given lines. Show 
that a solution is, in genera!, impossible if the lines are parallel, but that 
otherwise there are four solutions. 

362. From what two points in the plane are two circles seen under 
equal angles ? 

363. Given an equilateral triangle, ABC, find a point P such that the 
circles circumscribing & PBG, PGA, FAB are all equal. 

364. To divide a circle into two segments so tliat the angle contained 
in one ahal! be double that contained in the other. 

36B. From two given points to draw lines meeting a given line in a 
point and making equal angles with that line, the points being on (1) the 
same side of the given line, (2) opposite sides of the given line. 

366. To draw, through a given point, a secant from which two equal 
circumferences shall cut off equal chords. Discuss the number of solu- 
tions for various positions of the given point. 

367. Through one of the points of intersection of two circumferences 
to draw a chord of one circle which shall be bisected by the circumference 
of the other. 

368. Two opposite vertices of a given square move on two lines at 
right angles to each other. Find the locus of the intersection of the 
diagonals. 

369. Find the locus of the intersectionof two lines pa.ssing through two 
flxed points on a circumference and intercepting an arc of constant length. 



Hosted by 



Google 



BOOK IV. — RATIO AND rEOPORTlON. 



1. FDITDAMEITTAL PROPERTIES. 

221. IsTitODuCTOKY Note. The inferetice was drawn in 
Book II (5 165) that a relation exists between algebra and 
geometry with the following correspondence ; 



Geometry. 


Algebra. 


line-segment. 


A number. 







And as it was assumed that a straight line may be represented 
by a number, so it may be assumed that any other geometric 
magnitude, such as an arc, an angle, a surface, etc., may be 
represented by a number. With these assumptions, the fun- 
damental properties of Ratio and Proportion may be proved 
either "by algebra or by geometry, as may be most convenient, 
the proof being valid for both of these subjects. The purely 
geometric treatment is too difdeult for the beginner. 

222. Definitions. To measure a magnitude is to find how 
many times it contains another magnitude of the same kind, 
called the unit of measure. 

223. A ratio is the quotient of the numerical measure of 
one magnitude divided by the numerical measure of another 
magnitude of the same kind. 

For example, the ratio of a line 8 ft, long to one IS ft. long is -j\, or i ; 
that of one 16 ft. long to one 8 ft. long is 2, 

The ratio of a to 6 Is expressed by the symbols t > a ; 6, a/b, or a -r- 6. 
If the ratio ^ = r. then a = r-b. 

159 
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334 T/if praifieal method of p.ndiiig the ratio of two 
magnitudes la to meisuie them md to divide the numerical 
lesult of one measurement by that of the other. But if two 
line segments ha\e a (oinmon measuie their ratio and their 
Lommon measiue mi^ be found h\ the following process : 
Let 4B and (D he the 

two hne-i ^' ' ' — ^B 

Apply CD as often as poa F, ^ ^^ 

sible to AB, and suppose that 

AB = 2 CIJ + EB, EB < CD. 
Similarly, apply EB to CD, and suppose that 

CD = 2, EB + FD, FD < EB. 
Similarly, apply FD to EB, and suppose that 

EB = FD+ GB, GB < FD. 
Similarly, apply GB to FD, and suppose that 

FD = 3 GB with no remainder. 
Then FD = 3 GB. 

EB= FD+ GB= i GB. 
CD = 2EB + FD= 8 GB + 3 GB = 11 GB. 
AB-=2 CD + EB = 22 GD + iGB ^26 GD. 
.-. GB is a common measure, and the ratio of CD to AB is 
^^ by definition of ratio. 

225. Definitions. Two magnitudes that have a common 
measure are said to be commensurable; if they have no com- 
mon measure they are said to be incommensurable. 

For example, two surfaces having areas 10 sq. in. and 15 sq. in. are 
said, to be commensurable, there being the common measures 5 sq. in., 
1 sq. in., 2.5 sq. in., etc. But if the length of one line is represented 
by '^, and the length of another by 1, then there is no common measure, 
and the lines are said to be incommensurable. 

A ratio may therefore be an integer, or a traction, or an irrational 
number such as V2. 
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For practical purposes all magnitudes may be looked upon 
as commensurable, since a unit of measui'C can be so taken 
that the remainder may be made as small as we wish. 

226, In the ratio a : b, a and i are called the terms of the 
ratio, — the former, a, being called the antecedent, and the 
latter, l>, the consequent. 

227. If the ratio a : b equals the ratio c : d, the four terms 
are, said to form a proportion. 

The four terms are also said to be in proportion. The terms 
a and b are also said to h& proportional to c and d. 

This equality of ratios is indicated by Hie symbol =, e.g., t = j' 
a:b = c :d, or a/b = c/d, read "aia to 6 as c is to d." Instead of the 
parallel bars { = ), the double colon {; :) is also used in this connection 
as a sign of equality, tlie proportion being written a:b: :c:d. The 
double colon is not, however, as estenaivelj used as formerly. 

328. The first and last terms of a proportion are called the 
extremes, and the other terms the means. 

Thus in the proportion 2 : 3 = 6 : 9, 3 and 6 are the means aiid 2 and 9 



339, Theorem. 7/ a : b = c : d, then ad = be. 

Proof. From y — -^' it follows, by multiplying equals by bd, 
that ud = be. Ax. 6 

If four nmnbers are in pro- If four lines are in propor- 

portion, the product of the tion, the rectangle of the 

means equals the product of means equals the rectangle- of 

the extremes. the extremes. 
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[Bk. IV. 



Proposition II. 
230. Theorem. Jf ad = be, then a : b = c : d. 
Proof. Divide the given equals by bd. Ax. 7 



If the product of two nutn- 
bers equals the product of two 
other numbers, either two may 
be made tlie means and tlie 
othev two the extremes of a 
proportion. 



If the rectangle of two linen 
equals the rectangle of two 
other lines, either two may 
be made the means and the 
other two the extremes of a 
proportion. 



Pkoposition III. 
231. Theorem, _Zf a : b ~ c : ijl, then (1) a : c = b : d, 
(2) d : b =^ c : a, and (3) b : a = d : e. 



Proof. 1. 



.'. - = -) which proves (1), 
- = -, which proves (2). 



2. And 

3. 

Hence 

If four numbers are in pro- 
portion, the following inter- 
changes may be made : (1) the 
means, (2) the extremes, (3) 
each antecedent and its cor- 
responding consequent. 



-' which proves (3). 



Prop. I 
Prop. II 

Prop. II 

Stepl 

Prop. II 



If four magnitude)! are in 
proportion, the following in- 
terchanges may be made; (1) 
the means, (2) the extremes, 
(3) each antecedent and its 
corresponding consequent. 
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RATIO AND PROPORTION. 



163 



Definitions. The pioportion a:c = h:d is of teE spoken of 
as the proportion a:b = c:d taken hy alternation. 

The proportion 6 : « = rf ; c is also spoken of as the propor- 
tion a:b = e:d taken hy inversion. 

Hence prop. III may be stated : If four magnitudes are 
in proportion they are in proportion by alternation and also 



But to take a proportion by alternation, the magnitudes must be similar. 
Thus f2 :$4 =88:f 16, therefore, by alternation, S2 ;$8 = $4 ;S16. 
But the proportion $2 ; $4 = 8 days : 16 days cannot be talten by alter- 
nation, for $2 : 8 days = $4 ; 10 days means nothing, $2 : 8 days not 
being a ratio (§ 223). 



PltOPOSITION IV. 

If a : b = c : d, 

then (1) ka : b =: kc : d, 

and (2) a : kb = c : kd. 

- = -) it follows, by multiplying by k, 

— = — I which proves (1). Ax. 6 

— = r-z' by dividing by l; which proves (2). 

Ax. 7 
Hence if four magnitudes are in proportion, and both ante- 
cedents or both consBciuents are multiplied by the same num- 
ber, the magnitudes are still in proportion. 

Corollary. If four Tnagnitudes are in proportion, and all 
are multiplied by the same number, the results are in proportion. 
Note. The number k may be integral, fractional, or irrational. 



Proof. From 
that 
And alsc 



Hosted by 



Google 



t64 PLANE QEOiiETRY. 

Peoposition V. 
233. Theorem, i/ a : b = c : d, 

then (1) a ± b r b = c ± d : d, 

(2) a ± b r a = c ± d : c, 

and (3) a ± b ; a if 1) = c ± d : c q: d. 

[*roof. 1. From l~~i' it follows 

that y ± 1 = -^ ± 1, 

a±h o±d ,,, ,_ 

01' — T — = ~~~j — ' whicli proves (1). 

2. It is also true 
that ~ — ~, 

and .-. 1±- = 1±^, 
a±b c±d 



which proves (2). 



3. Or, by subtracting first, 



Axs. 2, 3 

Prop. Ill 
Axs. 2, 3 

Axs. 3, 2 



and .". r = ; by dividing in. tbe last two 

equations. Ax. 7 

The proportion (i, + h:h = <; + d:d is often spoken of as 
the proportion a:h — e:d taken by composition, and a — b:b 
= c, — d:d as the same proportion taken bij division, and 
ft±6;a^S = c±rf:e^(^ as the same proportion taken by 
composition and division. 
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Proposition VI. 

234. Theorem. -^ f^ — f^ = r^ ~ ' ^^^ terms all being 

magnitudes of the same kind, then 

a, + a^ + _ ^1 ^a 

bi + lia + ~ III \ 

Proof. 1. ? = ^' Prop. Ill 

and . . = — 7 Prop. V 

= P = Given 

3. Then, as in steps 1, 2, 

ai + 'i-i -V'H _C'i _ 

Ih +b^ + h~h " 

and so on, liowevei' many ratios there may be. 

Proposition VII. 

235. Theorem. If li-ih = c : ti, then ^^ -.^f = (? : A^. 

Proo*. ■■■7 = ^' -■■^ = ^- Ax. 6 

1) d b^ d^ 

Hence 

If four numbers ai'e in pro- If four lines are in propor- 

portion, fheii' squares are also tion, the squares 071 those lines 

in proportion. are also in proportion. 

Corollary. Jf a : b = c : d, and m : n = x : y, then am ; bn 
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Proposition VIII. 
336. Theorem, a : b = ka : kb. 
Proof. kab = kab, or a ■ kb = b ■ lea. 

.■.a:b = ka:kb. Prop. 11 

Note. The number t may be integral, fractional, or irrational. 

237. Definitions. If a -. b ^ e : x, x is called the fourth pro- 
portional to a, b, c. 

COBOttAKiBS. 1. By three of the Jour terms of a proportion 
the other is determined. 

¥oiHa:b = i::XtOTx:b-c:a,orc:x=a:b, etc., it foUows that 
(tE = 6c, whence »i = bc/a, a lixed number, 

2. if a : b = a : X, tlien b = x. 

For if, in the proof of cor. 1, c = a, then b = x. 

238. If, in a proportion, the two means are eqnal, as in 
a:x = x:b, this common mean is called the mean proportional, 
or geometric mean, between the two extremes. 

Corollaries. 

The mean proportional he- The geometric mean be- 

tween two numbers equals the tween two lines equals the side 
square root of their product. of that square which equals 
their rectangle. 

Because the number representing the square units of ai'ea 
of a rectangle is the product of the two numbers representing 
the linear units in two adjacent sides, the expression product 
of two lines is often used for rectangle of two lines. 

Exercises. 370. Find a mean proportional between 2 and 32. 

371. Find a fourth proportional to 3, 7, 15. 

372. What number must be added to each of the numbers 2, 1, 6, 3, to 
have the results in proportion ? 
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2. THE THEORY OF LIMITS. 



339. Definitions, A quantity is called a variable if, in the 
course of the sanie investigation, it may take indefinitely 
many values ; on the other hand, a quantity is called a con- 
stant if, in the course of the same investigation, it keeps the 
same value. 



E.g. if a line ABm bisected at j¥i, and M^B at M^, and M^B at JWg , 
and so on, and if x represents the iine from A to any of the points jUi , 
Mi, , then a; is a variable, but AB is a constant. 

It is customary, as in algebra, to represent variables by the last letters 
of the alphabet, and constants by the first letters. 

240. If a variable x approaches nearer and nearer a con- 
stant a, so that the difference between x and a can become 
and remain smaller than any quantity that may be assigned, 
then a is called the limit of x. 

E.g. in the above figure, AB is the limit of x. 

But if tie point M simply slides along the line, passing through B, 
then, although the difference between AM and AB. or x and a, can 
become smaller than any quantity which may be assigned, it does not 
remain smaller, for when M passes through B this difierence increases. 
Hence AB is not then the limit of a. 

That "x approaches as its limit a" is indicated by the 
symbol x = a. 

CoROLLAEY. If ^ = s,, then a — x is a variable whose limit 
is sero ; that is, a — x = 0. 

Although the variable has been taken, in this discussion, as %iicrzam,iig 
towards its limit, it may also be taken as decreasing. Thus if wo bisect 
a line, bisect its half, and continue to bisect indefinitely, the variable 
segment is evidently approaching a limit zero. 
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Pkoposition IX. 



241. Theorem. ^, while approaching their respective limits, 
two variables have a constant ratio, their limits have that same 
ratio. 



Given X and X', two variables, such that as they iiia-ea.ie 
they approach their respective limits AB, or L, and 
AC, or L', and have a constant ratio r. 

To prove that L:L' = r, or that X:X'=L:L'. 

Proof. If the ratio X: X' is not equal to the ratio L : L', 
then (1) it must equal the ratio of L to something 
less than L', or (2) it must equal the ratio of L to 
something greater than L'. 

It will be shown that both of these suppositions are absurd. 

I. To show that (1) IS iibsurd. 

1. Suppose X:X'=^L:L'- DC. 
Then ■.■ X:X' = r, 

.■.X=tX', 
and L = r(L'-D C). S 223, def . ratio 

2. Then L - X = r{L' - DC - X'-). Xx. ?, 

3. But ■.- X'= L\ 

.-. L' — X' can become as small as we please. 

and .'. r(T.' — X' — DC) can become negative. 

4. But'.'X>i, .■. i — Xcannot become negative. 

5. .'. step 2 is absurd, for a negative quantity cannot 

equal one not negative. 
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TI. To show that (2) is ahuurd. 

1. Suppose X:X' = L:V+ CD'. 
Then L-X-r(i'+ CD' - X'), 
as in step 2, p. 168. 

2. But »■{/.' + CD' — X') cannot become less tlian 
r ■ CD'. 

3. And L — X=(i, because L is the limit of X. 

4. .■. if step 1 were true, a quantity, L — X, which can 
become as small as we please, would equal a quan- 
tity not less than r ■ CD', which is absuid. 

The proof would be substantially the same if the two 
variables were supposed to deerease towai'd a limit 

CoROLLAEiES. 1. If, while approaching their respective 
limits, two variables are always equal, their limits are equal. 

For their ratio is alw&ya 1. 

2. If, while approaching their respective limits, two variables 
have a constant ratio, and one of them, is always greater than 
the other, the limit of the first is greater than the limit of the 
second. 

For the limits have the aame ratio as the variables. 



Exercises. 3T3. Ua:b = c:d, 
prove that a'ftii + b^c + b<^ = obH + ahd + ad. 

1. Since be = ad. Prop. I 
the equation is true U a^ -(- 6^ = a6% + abd. 

2. Now if in place of each ad we put be, we see that the equation is 
true II oft^c + ft^ = alA; + Tfic. 

But tliia is an identity. Hence the proof is complete. 

ffr4. Ua:b = c:d, 

proTe that a-c:b-d= Va^ + c^ ; Vfi^ + (P, 

Also that Vu= + 
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3. A PENCIL OF LIMES CUT BY PARALLELS. 

Si42. Definitions. Through a point any number of lines can 
be passed. Such lines are said to form a pencil of lines. 

The point through which a pencil of lines passes is called 
the vertex of the pencil. 



eiioll of four parallels. 



The annexed pencil of three lines is named " V — ABC." 

To conform to the idea of a general figure, set forti in g| 94, 05, the 

word pencil is also applied to parallel lines, the vertex being spoken of as 

"at infinity." 

243. Definition, Two lines are said to be divided proportion- 
ally when the segments of the one have the same ratio as the 
corresponding segments of the other. 



Exercises. 375. If a:b = c:d, prove that 

0) a + b-\-c + d:b + d^c+d:d. 

(2) m(a + mb) ; E(a - ii&) = m(c + md):n(c - vd). 

(3) a{a + b + c + d) = {a + b) (a + e). 

(4) cfic + <vfi -.Ifid + hd^ = (a + c)^: (6 + d)». 

376. K 6 is a mean proportional between a and c, prove that 

377. Show that there is no finite number which, when added to each 
ot four unequal numbers in proportion, will make the resulting sums in 
proportion. 

378. It a : !y = c : (i, and u : » - » ■, !/, 

prove that au + bv : au - bv - ex -i- dy ■ a^ — dy. 
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Pkoposition X, 



244. Theorem. The tegmenU of a transversal of a pencil 
of parallels are proportional to the corresponding segments 
of any other transversal of the same pencil. 




Given the pencil of parallels P, cutting from two traiis- 
versals T and T' the segments A, B and C, I), 
res[>ectively. 

To prove that A:B=C:D. 

Proof. 1. Suppose A and B divided into equal segments I, 
and that A = nl, while B — n'L 

(la the figure, n = 6, u' = i.) 
Then if ll's to i* are drawn from the points of divi- 
sion, C is the sum of n equal segments m, and D is 
the sum of n' equal segments m. 

I, prop. XXVII, cor. 1 






Why? 



KoTE. The preceding proof assumes that A and t 
The following proof is valid if A and B are incommensurable. 



Hosted by 



Google 



.72 PLANE GEOMETRY. 

345. Proof for incommensurable case. 



1. Supposo A divided into equal segments I, and that 

A = nl, 
while B = n'l + some remainder, x, such that x <. L 
Then if ll's to P are drawn from the points of divi- 
sion, C is the sum of n equal segments m, and D is 
the sum of n' equal segments wi, + a remainder y 
such that y < wi. 

2. Then H lies between n'l and («' + 1) ?. Step 1 
^^and <^''' + ^> ^ 

( in the figure, between — and t^ I, 

... D ,. , , m'"i , (w' + lW 
while -i; lies between and ^ ' 

. .'. --T and — both lie between — and — , 

and .'. they differ by less than -■ 
(In the figure, by less than J,) 
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5. And '.' - can be made smaller than any assumed 
difference, by increasing n, .'.to assume any differ- 
ence leads to an absurdity. 

B D A C 1, TTT 

Corollaries. 1. A line parallel to one side of a triangle 
divides the other two sides proportionally. 




For in the figure, it BCO is the triangle, the lines OB, OC are cut by 
parallels. Hence BBi : B,0 = CCi : dO. 

2. The corresponding segments of the lines of a pencil euf 
off (^ from the vertex) by parallel transversals arc proportional. 

In the above figure, OA : 0^, = OB : OBi = OC : OCi = hy 

3. The segments of the lines of a pencil euf off (from the 
vertex) by parallel transversals are proportional to the corre- 
sponding segments of the transversals. 

To ptore that, in the above figure, 4B:.4iBi = OA ■.OAi = OB\OBi. 
Draw through Ai a line II to OB cutting AB at X. 
Then AB -.XB :^ OA : OA, = OB -. Oil,. Prop. X 

But XB = AjBi. I, prop. XXIV 

4. Parallel transversals are divided proportionally by the 
lines of a pencil. 

To prove that, in the above fignre, AB:BC = A,Bt : BiCi. 
By cor. 3, AB : A^Bi = BO ; BiO = BC : Bid. Hence, etc. 
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Proposition XL 



246. Theorem. A line can he divided, internally or ex- 
ternally, into segments having a given ratio, except that if it 
is divided externally the ratio cannot he unity. 



Given thii lino AB, and two lines s„ ,?, having a given ratio. 
To prove that A£ can be divided in the ratio s, : Sj, except that 
in the case of external division s, cannot equal sj. 

Prooi. 1. Suppose AM drawn making, with AB, an angle 
< 180° ; that AC he taken = Si, and CD = Sj ; that 
DB be drawn, and CP II DB. 

2. Then AI':FB = Sj: s^, as required. Prop. X, cor. 1 

3. In Fig. 2, if s^, = s^, where does D fall ? What is 
then the relation of CP to AB ? Hence show that 
the division is impossible in this case. 

CoROLLAKY. The point of internal division is unique ; like- 
wise the point of external division. 

Prom step 3, AB ■■ PB = Si + Sa : sa, AB, Si + sa, and .t^, all being 
constants; but by three terms of a proportion the fourth is determined. 
(§ 237, def. of 4tli proportional, cor. 1.) 

247. Note. Instead of saying that the external division, if the ratio 
is unityj is impossible, it is often said that the point of division, P, is at 
infinity. 

In the case of internal division, the ratios AP : PB and A C ■■ GD are 
evidently positive ; but in the case of external division each ratio is 
evidently negative because PB and CD are negative. In both cases 
step 2 is evidently true. 
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Pkoposition XII. 

248. Theorem. A line which divides two sides of a triangle 
proportionally is parallel to the third. 




drawn that AD : £>C 



Given the triangle ABC, and BE s 
= TJi? : £0. 

To prove that DE II AB. 

Proof. 1. Suppose DE not II AB, but that DX il AB. 

Then BX : J^C = AD : DC. rrop.X,eor.l 

2. But this is impossible, for the division of BC in the 
ratio AD : DC is unique. Prop. XI, cor. 

3. -■- DX must be identical with DE, and DE II AB. 
The proof is the same for all of the figures. 



379. In the above figures, ifjlD: DC = BE : EC = m -.n, 
and if the line through A and E cuts the line through B and D at P, 
tiieii prove that AP : PE ^ BP -.PD^ m + n:n. 

380, It ex. 379 has been proved, show from it that the centroid of a 
triaJigle divides the medians in the ratio of 2 ; 1. 

381. I'rove prop. XI on the following figures ; 
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Pkoposition XIII. 

249. Theorem. If any angle of a triangle is bisected, in- 
ternally or externally, by a line cutting the opposite side, 
then the opposite side is divided, internally or externally, 
respectively, in the ratio of the other sides of the triangle. 




Fig. 1, Fro. 2. 

Given A ABC, the bisector of Z C meeting AB a-t P. 
To prove thaX AF : PB = AC: BC. 

Proof, 1. Let B^ II PC, meeting AC produced at .E, in Fig. 1. 
Then Z SBC = ZPCB = Z ACF = ^ CEB. 

Given j I, prop. XVII, cor. 2 

2. .-.BC^CE. Why? 

3. But in A ABE, AP:PB = AC: CE, Prop. X, cor, 1 
and .■.JP:PB = AC:BC. Why? 
The proof for Fig. 2 is the same if step 1 is changed 
to Z CBE = Z BCP = Z PCX = Z EEC. 

250. Definition. When a line is divided internally and 
externally into segments having the same ratio, it is said to 
be divided harmonically. 

If the internal and external points of diyision of AB, in prop. XIII, 
are P and f, then AB is divided harmonically by P and P". 

Esercise. 382, The hypotenuse of a riglit-angled triangle is divided 
harmonically hy any pair of lines through the vertex of the right angle, 
making equal angles with one of its arms. 
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4. A PENCIL CDT BY ANTIPARALLELS OE BY A 
CIRCUMFERENCE. 

251. Definitions. If a pencil of two lines — XY is cut 
by two parallel lines AB, MN, and if MN revolves, througli a 



uj/^' 




straight angle, about the bisector of Z XO F as an axis, falling 
in the position AiBi, then AB and A-^By are said to be anti- 
parallel to each other. 

OA and OAi are called corresponding segments of the pencil, 
as are also OB and OB,. A and A^ are called corresponding 
points, aa are also B and B^. 

Corollary, If Z. A = Z. A^, m the above figure, then AB 
and AiB-i are antiparallel to each other. 

Exercises. 383. From P, a given point in the side AB of A ABC, 
draw a line to AC produced so that it will be bisected by BC. 

384. Investigate ex. 383 when P is on AB produced. 

385. If tlie vertices of A JTFZ lie on the sides of A abc so that x- II w, 
^ 11 6, 2 II c, then X, ¥, Z bisect a, b, c. 

386. In prop. XIII, suppose LB = LA; also, suppose LB</.A. 

387. In any triangle the line joining the feet of the perpendiculars 
from any two vertices to the opposite sides is antiparallel to the third feiiie. 

388. In A ABC, suppose that a X c, and the bisectors of the mteiior 
and exterior angles at C meet AB at Pi, Pa. Proie thit if a circum- 
ference passes through P,, Pj, and 0, (1) PiPi is the diameter, (2) ^ C is 
a tangent. 
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Proposition XIV. 



252. Theorem. If a pencil of two lines ia cut hy two anti- 
parallel lines, the corresponding iegmenti form a proportion. 




Given the pencil — XY, cut by the antiparallela AB, 

AJSi, A ajid Ai beiag corresponding points. 
To prove that OA : OA, = OB : OB^. 

Proof. 1. Suppose MN the pai'allel to AB which, revolving, 
fixed A-,B^. 

Then OAy = OM, and OB^ = ON. Def. aiitipar. § 251 

2. But OA : OM -^ OB : ON, Prop. X, cot. 2 

and .-. OA : OAi = OB : OB^. Substitution 

CoRoi.LAKY. If two antiparalleh cut a, pencil of two lines, 
the product of the segments of one line equals the product of 
the segments of the other. 

Why ? What is meant by " product of ti 



Exercises. 389. In the ahove figures, AB ■ A^B^ = OA : OAi = 
OBiOBi. (Prop. X, cor. 3, ete.) 

390, In the ahove figures, if Ai coincides with B, and it OB = b, 
OA = a, OBi = 6i, then b^ - ab^. 

391. If from the vertex of a right-angled triangle a perpendicular p is 
drawn cutting the hypotenuse c into two segments x, y, adjacent to sides 
a, b, reapectively, tlien (1) a and p are antiparallels of tlie pencil 6, c; 
(2) o is a mean proportional between c and j;; (3) j) is a mean propor- 
tional hetween x and y; {4) }fi = cy, a^ = kc, and .■. a? + V = <: (x + y) 
= c^. (Thus a new proof is found for the Pythagorean proposition.) 
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Proposition XV. 

253. Theorem. If a pencil of lines cuts a eireumference, 
the product of the two segments from the vertex is constant^ 
whichever line is t 




PlO. 1,— The point Oon 







Given ABi and A^B, two chords, each divided at into 

two segments. 
To prove that AO • 0B^ = A^O ■ OB. 

Pnxif. 1. Suppose AB, AiB^ drawn. 

Then- ZyI = Z4i. 

2. -'. AB and Ji^i are an ti parallel, 
and .-. AO- OBi^A^O- OB. 

s entirely general and. slioulii b 



Why? 

§ 251, cor. 

Prop. XIV, cor. 

proved for the fol- 




CoEOLLART. The tangent from the vertex of a -pencil to a 
circumference is a msart propoHional between the two segments 
of any other li?ie of the pencil. 

In Fig, i,AO- BiO = AiO ■ BO=B(^. Therefore -40 : BO^BO : BiO. 
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Proposition XVI. 



354. Theorem. In the same circle or in equal circles 
central angles are "proportional to the arcs on which, th'ij 
stand. 



Given A and B, two central angles standing on arcs C and 

D, respectively. 
To prove that A: B= C : D. 

Proof. 1. If A and B are in different circles, they may be 
placed in the relative positions shown in the figure. 
§ 108, def. O, cor. 2 
Suppose A and B divided into equal d x, 
and suppose A = nx, and B = n'x. 
(In the figure, n = 6, w' = 4.) 
2. Then C ia divided into n equal arcs y, 

and D " " n' " " i/. Ill, prop. I 



= -=-f- = -;- Why? 

n' n'y D 

■■■jrj> ^^^^'' 

Note. The above proof assumes that A and B are oommensurahle, 
and hence that they can be divided into eq^ual angles x. The proof on 
p. 181 is valid if A and B are incommensurable. 
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255. Proof for incommensurable case. 



1. Suppose A divided into equal A x, and suppose 
A—iuCf while B = «'x+sonie remainder w, sucli 
that v)<x. 

Then C is divided into n equal arcs y, and I> is tlie 
sum of n' equal arcs y + a remainder s, such that 

2. Then B lies between m'x and (n' + 1) 3^, Why ? 
and Z> lies between n'y and {«' + 1) »/. Why ? 

3. .". -^ and ■-; both lie between ~ and Why ? 



(In the figure, between f and |.) 



Ami .". — and — differ by less than -■ Why ? 



4. And '■' - can be made smaller tlian any assumed 
difference, by inci'easing n, 
.-. to assume any difference leads to au absurdity. 

COKOLLAKY. In the same circle or in equal circles sectors 
ire propoHional to their angles or to their arcs. 

256. This [H'oposition is often stated, 

A central angle is measured hy its intercepted arc. See § 180. 
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5. SIMILAB FIGURES. 



257. Definitions. We have (§ 59) roughly defined similar 
figures as figures having the same shape. But this is unsatis- 
factory because the word shape is not defined. We therefore 
proceed seientifieallj to define 

1. Similar systems of points, and then 

2. Similar figures. 

Two systems of points, Ai, B^, Ci, and Jj, B,, d, , are 

said to be similar when they can be so placed that all lines, 

AiAi, BjBi, CiCj, , joining corresponding points form a 

pencil vrhose vertex, 0, divides each line into segments having 
a constant ratio r. 




In the figure, OAi -. OA^ = 0B-, : OB^ = = r. 

258. Two figures are said to be similar when their systems 
of points are similar. 

The symbol o£ similarity v*-, already mentioned, is due to Leibnitz. 
It is derived from the letter S. 

The following are illustrations of similar figures involving 
circles : 
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The following are illustrations of similai' rectilinear figures : 




259. When two similai' figures are so placed that 
through their corresponding points form a pencil, they are 
said to he placed in perspeUive, and the vertex of that pencil 
is called tlieir center of sintilitude. 

The figures above and on p. 182 are placed in perspective, and in each 
case O is the center of similitude. 

Two similar figures may evidently be so placed that the center of 
similitude will fall within both, or between them, or on the same side of 
both, as is seen in the above OluBtrations. 

260. Two systems of points, A^, Bj, C„ and A^, B^, C^ 

, ate said to be symmetric with respect to a center when 

all lines, AiA^, -Bi-Bj, C,6's, , are bisected by 0. 




261. Two fi'jures are said to he symmetric vdth respect to a 
center when their systems of points ai-e symmetric with respect 
to that center. 

E.g. in the figure, ^AiB\Ci, -diBjCi are symmetric with respect to O. 
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[Bk, IV. 



262. lu similar figures, if the ratio, r, known as tiie ratio of 
similitude, is 1, the figuies aie evidently symiueti-ic with respect 
to a center. Hence Central Syiumetry is a special case of 
Similai' Figui'ea in Perspective. 

The tenii Center of Similitude is due to Euler, 



Corollaries. 1. Congruent fif/ures are similar. 

For if made to coincide, any point in tiieir plane is evidently a center 
of similitude, the ratio of similitude being 1. Or, tliey may be placed in 
a position of central symmetry. 

2. To any point in a system there is one and only one corre- 
sponding point of a similar system with respect to a giuen 



If Ai and A^ are corresponding 
points in tiro similar systems in per- 
spective, and O is the center of simili- 
tiide, tlien every point Pi on OAi has 
a unjijae corresponding point Pj on 
OAi. 

For OAi ■■ OAi = 




■. OPa ■■ 



= OP, : OP3. 
unique 



Bxeicisea. 392, What is the limit of 1/x a: 
of 1/(1 -1- ») as a; £; ? as a :h 1 ? 

393. In A ABC, P is any point in AB, and Q is snch a point ii 
that Cq^ PB; if PQ and BC, produced if necessary, meet at X, 1 
.hat CA:AB = PX: QX. (From P draw a line 11 AC.) 

394. In the annexed hgure of a " Diagonal Scale," AB 
1 centimeter. Show how, by means of the scale and a 

pair of dividers, to lay ofF 1 millimeier, 0.6 millimeter, 0.3 
millimeter, etc. On what proposition or corollary does this 
lasnremeni of fractions of a millimeter depend ? 

395. ABCB is a parallelogram ; from A a line is drawn c 
:n E, BG In F, and BC produced in G. Prove that AE is a 
portional between EF and EG. 

39G. A BC is a triangle, and through D, any point in c, DE is draw 
o meet ft in E ; through C, CF is drawn II EB to meet c produced i 
Prove that AB is a mean proportional between AD and AF. 
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Peoposition XVII. 

263. Theorem. Two triangles are similar if they have two 
angles of the one equal to two angles of the other, respectively. 




Given the AA^B^C^, A^B^C^, with AA, = ZA,, Z C, = 

Toprave that A AiB^Ci^ AAiBiC^. 

Proof. 1. Place one A on the other so that Z Ci coincides with 
Z Cj, as at 0, OA^ falling on OA,. Let OX^X, be 
ani/ line through 0, cutting A^B^ at JT,, and A^B, 
atJTi. 
Then ■.■ZJj.-Zv^i, 

.-. A^B^ II JiiJ,. I, prop, XVI, cor. 1 

2. .'. 0^1 : a-lj = 07f, : OB^ = OX, ; OX^ - = y. 

Prop. X, cor. 2 

3. And all points on OA, and OB, have theii- cori-e- 
sponding points on OA^ and OB^, respectively, 

§ 262, cor. 2 

4. .■. the A are similar, being the center of simili- 
tude, g 258 

Corollaries. 1. MutHalhjequiangiiln,r triangles are simUar. 

2. If two triangles have the sides of the one respectivelij 
parallel or perpendicular to the sides of the other, they are 
similar. 

For by § Sli, cor, 5, they can be proved to be mutually equiangular. 
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Proposition XVI IL 



264. Theorem. If two triangles have one angle of the one 
equal to one angle of the other, and the including sides pro- 
portional, the triangles are similar. 



Given A ArB,C\, A^B^C,, such thut ZC, = ZC^ and a,: a^ 

= h •■ h- 

To prove that AA^BiC^^ AA^B^C^. 

Proof. 1. ■■■ ZCi = ZC„ A^dj^^Cj can be placedonA^iBiC, 
so tliat Cj falls at d, B^ on «i, and J^ on b^. 

2. Then ■." C^A^ : C-^A^ = C\B^ : C\B^, 

.-. A^B^ II J,B,. Props. XII, V 

3. ."- A JiifiC and A -^a^jCi are mutually equiangular, 

I, prop. XVII, cor. 2 

4. .-.AAiBjCi-^ AA^B^C, and its congruent AA^B^C^. 

Prop. XVII, cor. 1 

Exercises.. 397. ABC, DBA are two triangles with a common side 
AB. If P is any point on AS, and PX II AC, and PY II AD, meeting 
]iC and BD in X and Y, respectively, prove that A YBX ^ A DBC. 

398. ABCD is a quadrilaterai. Prove that if the bisectors ol A A, C 
meet on diagonal BD, then the bisectors of AB, D will meet on diago- 
nal AC. 

399. Construct a triangle, having given the base, the vertical angle, 
and the ratio of the remaining sides. {IntersecUmi of loot and prop. XIII.) 

400. In AABC, CM is a median; ABMC, GMA are bisected by 
lines meeting a and 6 in B and Q, respectively. Prove that QE II A B. 
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tional, they a 



Proposition XIX, 

If two triangles have their sides propor- 
similar. 




Given AAiB,C\, A,B,C'^ such that a,: a^ = b,:h = ^^r- o^. 
To prove that AAjB,Ci'^ A A^B^C^. 

Proof. 1. Oil CjA„ C,^i lay off CiX = b^, and C^Y ^ a^, aaid 
draw XY. 



Then 


■-■ «! : (i3 = b-i :bi, and Z ( 


x = ZC\, 




.•.AXYC,'^AA,B,C\. 


Prop. XVllI 


But 


Oi ; Oa = e, : tj, 


Given 


and 


a,:a^ = Ci:XY. 


Prop. X, cor. 3 




.■.c,:e^ = G,:Xr, 


Why? 


and 


c^ = XY. 


§ 237, cor. 2 




.■ . A X YC^^ A A^B^C^, 


I, prop. XII 


and 


.■.AJ,BiCi^AAiB^C^. 


Steps 2, 5 



il. The product of the two segments of any cliotd 
drawn through a given point within a, ciicle equals the square of half 
the shortest chord lliat can be drawn through that point. 

402. If F is a point on AB produced, the tangents from P to all 
circumferences thi'ough A and B are equal, and hence such points are 

403. If from any point P on the side CA of a right-angled triangle 
ABC, PQ is drawn perpendicular kt the hypotenuse AB at Q. then 
AP ■ AC = AQ ■ AB. Suppose P to he taken (1) at C; (2) at^ ; (3) on 
AC produced. 
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Proposition XX. 



266. Theorem. Similar triangles have their corresponding 
sides proportional and their correspondiny angles equal. 




Given two similar triangles, AxBtd, A^B^C^, A^ correspond- 
ing to Jj, B, to 7?3, C, to C,. 

To prove that A,B^ : A^B^ = fl,Ci : B^C^ = and tliat Z B, 

= Z B, 

Proof. 1, Snppose the A placed in perspective. 

Tlicn OA, : OA^ = OB, : OB^ = OC^ : OC^. § 2r,S 
2. .■. AjBi II A^Bi, and so for other aides. 

Props. Xri, V 
a .-. Z OB,A, = Z OB^A^, and Z C,B^O = Z C,BjO. 
I, prop. XVII, cor. 2 

4. .*. Z B| = Z B^, and so for other angles. As. 2 

5. Also, OB, : OB^ = ^,«, : A^B^, 

= B^C\ : BjC;. Prop. X, cor. 3 

6. .■. A,B, ; Ja-^j — B,Ci : ^26'a, and so for other sides. 
XoTK. This is the converse of props. XVII, XIX. 

CoROLLAKTEs. 1. T/ie Corresponding altitudes of twn similar 
triangles have the same ratio as any two corresponding sides. 

Why? 

2. The corresponding sides of similar triangles are opposite 
tlie equal angles. 

In what step is this proved ? 
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267, Summary of Propositions coiicetning Similar Triaagles. 
Two triangles are similar it 

1. (a) Two awjles ofthn one nqual two ani/les of the other. 

Prop. XVII 
(i") Theij are mutually equiangular. Prop. XVII, cor. 1 

(c) llie sides of the one are parallel to the sides of the 

other. Prop. XVII, cor. 2 

(d) The sides of the one are jierpendicular to the sides of 

the othes: Prop. XVII, cor. 2 

2. One angle of the one equals one angle of the other and the 

including sides are proportional. Prop. XVIII 

3. Their corresponding sides are proportional. Prop. XTX 

. If two triangles are sunilai', 

1. They are mutually egnianguiar. Trop. XX 

2. Their corresponding sides are proportional. Prop. XX 

3. Their corresponding altitudes are proportional to their 

corresponding sides. Prop. XX, cor. 1 

268. It shouM further be observed that, in general, 
Three conditions determine eongruenee. (See § 90.) 
Two eonditions determine similar itt/. 

For these conditions are 

1. Two angles equal. (Prop. XVII,) 

3. One angle aad one ratio. (Prop. XVIil.) 

3. Two ratios ; for if the sides are a, b, c, and a% b', c', tlien if 

- = jy, and - — TT' t*e & we similar, since - must also equal -• 



Exercises. 404. It J is any point in the side a, or a prodoced, of 
AABG, and if n and fc are Uie radii of circles circumscribed about 
A JBXantJ AAXC, respectively, then i^:r^ = c:6. (.Totii the centers 
and prove two triangles similar.) 

406. If one of the parallel sides ot a trapezoid is double the other, 
prove that the diagonals intersect one another in a point of ti 
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Proposition XXI. 



269. Theorem. If two polygons are mutually equiangular 
and have their corresponding sides proportional, they are 
similar. 




Given two polygons, AJiiC\ and A^B^C^ , such that 

Z^i = Z Jj, Z.Bi = ^B„ , 

and A-,Bi : A^B^ = fi.Ci : B^C^ = 

Toprove that ^i-Bi^i ^A^B^C^ 

Proof. 1. Place A^B^ II A^B,. Then ■.■ the A of one polygon 
= the corresponding A of the other, the remaining 
sides may be made parallel respectively. 

I, prop. XVII, cor. 5 

2, If AiB^> A^B^, then B,Cj> B^Cj, , because 

the ratios are equal. 

3. Draw AjA^, B^B^, Then AiB^B^A^ is not a O; 

also BidCtBi, etc. ; and A^A^ meets 5,^a as at 0, 
BiBj meets C-iC^ as at 0', etc. I, prop. XXIV 

4. But B^O' : B^O' = B^Cj : B^C^ 

^A,B,:A^B^=^B^O:B^O, 

Prop. X, cor. 3 
which is impossible unless O and 0' coincide. 

Prop. XI, cor. 

5, .■. the t-wo figures are similar, and is the center 
of similitude. § 258 
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In step 2, if A^B^ = -4,A, then B^Ci = B^C^, , and the 

polygons ai'e congruent and therefore similar. § 262, cor, 1 

CoBOLLAEiES. 1. If two polygous are sirmlar, they are 
■mutually equiangular and their corresponding sides are pro- 
portional. 

For If placed in perspective as on p. 190, 

1. OAi : OAi = OBi : OBi. § 258 

2. .-. AjBi II jIjBj , and so for other sides. Prop. XII 

3. .■. Z,Bi=:ZBi, and so for otter angles. I, prop. XVII, cor. 5 
i. Aim AiBi:A2Bi = BiO:BsO= Bid :BiCi = Prop. X, cor. 3 

2. Polygons similar to the same polygon are similar to each 

For they have angles eq^ual to those of tbe third polygon, and the 
ratios of their sides equal the ratios of the sides of the third polygoD. 

3. The perim,eters of similar polygons have the sa-me ratio 
as the corresponding sides. 

For by cor. 1, AiBf. A^B2 = BiCi: B3C2 = = r. .-.AiB, + B^Ci 

+ :45B2 + B2Ct + =r. (Why?) 

4. Ttvo similar polygons can be divided into the same num- 
ber of triangles similar each to each, and similarly placed. 

For and C coincide, and tlie figures can be placed having O within 
each. The triangles AyOBi, A^OB^ are then similar, by prop. XVII. 



Exercises. 406, If from a point outside a circle a pair of tangents 
and a secant are drawn, the quadrilateral formed by joining in succes- 
sion the four points thus determined on the circnmference has the rect- 
angles of its opposite sides equal. 

407. AB is a diameter, and from A a line is drawn to cut the circum- 
ference in C and the tangent from B in D. Prove that the diameter is 
the mean proportional between AC and AD. 

408. InO-4BCD, P, Q are points in a line parallel to ^B; P^ and 
QB meet at R, and PD and QO meet at S, Prove that RS II AD. 

409. Chords AB, CD are produced to meet at P, and PF is drawn 
parallel to DA to meet CB produced in F. I'rove tliat PF is the mean 
proportional between FB and FC. 
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Froposithin XXU. 



270. Theorem. In a Hght^ngled triangle the perpendicu- 
lar from the vertex of the right angle to the hypotenuse 
divides the triangle into two triangles whieh are similar to 
the whole and to each other. 




Given A ABC, with Z C a, right angle, and CD ± AB. 
To prove that (1) A ACD ^ A ABC 

(2) A CBD^AABC. 

(3) AACD^ACBD. 

Proof. 1. ■.■ Z.CBA = Z.ACB, Why? 

aad Z.A = /.A, 

.-. A ACD ^ A ABC, which proves (I). 

Prop. XV n 

2. Similarly A CBD ^ A ABC, which proves (2). 

Prop. XVII 

3. .-.A ACD -^ A CBD, which proves (3). 

Prop. XXI, cor. 2 

OoROLLAHiEM. 1. Either side of a right-angled triangle is 
the -mean proportional hetvseen the hypotenuse and its segment 
adjacent to that side. 

For tromstepl, AB -.AC = AC : AD ; a,adfTom2, AB -.BC = BO -.DB. 

2. The perpendicular from the vertex of the right angle to 
the hypotenuse is the mean proportional between the segments 
of the hypotenuse. 

For from step 3, AD : CD - CD -. UB. 
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410. Prove the converse of prop. XXII ; If the iierpendicular drawn 
from, the vertex of a triangle to the hase ia the mean proportional 
between the segments of the base, the triangle ia right-angled. 

411. Prove that any chord of a circle is tlie mean pioportional 
between its proiectioa on the diameter from one of its extremities, and 
the diameter itself. 

412. In the figure on p. 192, if AD represents tliree units, and DB 
represents one unit, what number is represented by CD ? 

413. Prove that if a perpendicular is let fall from any point on a cir- 
cumference, to any diameter, it is tlie mean proportional between the 
segments into which it divides that diameter. 

414. Prove that if two fixed parallel tangenis are cut by a variable 
tangent, the rectangle of the segments of the latter is constant. 

415. Through any point in the common chord of two intersecting 
circumferences two chords are drawn, one in each circle. Prove that 
the four extremities of these chords are coiicyclic. 

416. If the bisectors of the interior and exterior angles at B, in the 
figure of prop. XXII, meet 6 at F and E, respectively, prove that BC is 
the mean proportional between i^C and CE. 

417. Calculate each of the segments into which the bisectors of the 
angles of a triangle divide the opposite sides, tJie lengths of the sides 
being 9 in., 12 in., and 15 in., respectively. 

418. From the points A, B, on a line AB, 25 in. long, perpendiculars 
AC, BD are erected such that AC = 13 in., BD = 7 in. On AB the 
point is taken such that /LBOD = /. COA. Calculate the distances 
AO, OB. 

419. Given a trapezoid ABCD, wili the non-paraliel sides AD, SO 
divided at B, F, respectively, in the ratio of 2 to 3, to calculate the length 
of MF, knowing that AB = 12.46 in., and DC = 38.6 in. 

420. Calculate the sides of a right triangle, knowing that tlieir respec- 
tive projections on the hypotenuse are 2.88 in. and 5.12 in. 

431, The two sides of a right triangle are respectively 10 in. and 24 in. 
Required the lengths of their projections on the hypotenuse, and the 
distance of the vertex of the right angle from the hypotenuse. (To 0,001.) 

432. The two sides of a right triangle are respectively 3.128 in. and 
4.375 in. Required the lengths of the two segments into wiiicli the 
bisector of the right angle divides the hypotenuse. (To O.OOI.) 
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6. PROBLEMS. 
PeO POSITION XXIII. 



271. Problem. To divide a Une-segment into parts propor- 
tional to the segments of a given line. 



Given the line OX', ami the line OX divided into segments 
OA, AB, 

Required to divide OX' into segments proportional to OA, 
AB, 

Constnictlon. 1. Placing the lines oblique to each other at a 
common end-point 0, draw XX'. § 28 

2. From A, B, draw lines II XX', cutting OX' at 

A', B', I, prop. XXXIII 

Then OX' ie divided as required. 

Proof. "-' OX, OX' are two transversals of a pencil of ll's, the 
corresponding segments are in proportion. Prop. X 

CoROLLAKiES. 1. A gtveti line can be divided into parts 
proportional to any number of given lines. 

For that number of given, lines may be laid o3 as OA, AB, BC, 

on OX. 

2. A line can he, divided into any nwniher of equal parts. 

Note. While a. straight line can be divided into any number of equal 
parts, by means of the straight edge and the compasses, a circumference 
cannot be divided into 7, 9, 11, 13, and, in general, any prime number of 
equal parts beyond 5. The exceptions are noted in Book V. 
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Pkoi'Osttion XXIV. 



272. Problem. To find the fov/rth proportional to three 
given lined. 



Given three lines, a, b, c. 

Required to find x such that a:h = c: x. 

Construction. 1. From the vertex of a pencil of two hnes, with 
the compasses lay off a, h, in order, on one line, and 
c on the other line. 

2. Join the end-points of a, c, remote fi'om tlie vertex, 
by /. § 28 

3. From the end-point of h, remote from a, draw a line 
pai'allel to I. I, prop. XXXIIl 
This will cut off x, the line required. 

Proof. ti : b = c : X. Prop. X, cor. 1 

273. Definition. If a:(> = b:x, x is called the third pro- 
portional to ft and b. 

Corollary. The third proportional to two given lines can 
be found. 

For to find n such that a-.b = b:x, make e = 6 in the atove solution. 



Exercises. 423. The problem admits of a considerable y 
the Ggnre, as suggested by tlie figure given in ez. 383. Invent another 
solution from this su^estion. 

424. How many inches in the fourth proportional to lines respectively 
2 in., 3 in., 5 in. long? In the third proportional to lines respectively 
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-Profosition XXV. 



274. Problem. To find the mean proportional between 
two .jivm Imet. 



Given two lines, AD, I)B. 

Required to find the mean piopoi'tional between them. 

Construction. 1. Placing AT), I)B end to end in the same line, 
bisect AB at 0. I, prop. XXXI 

2. With center and radius OB, describe a circle. 

§ 109 

3. From 1) draw J>C A^ AB, to meet circumference 
at a I, prop. XXIX 
Then CD i,s the mean proportional. 

Proof. AI> : 0J> = CD : DB. Prop. XXII, cor. 2, and § 238 

275. Definition. A line ie said to be divided in extreme and 
mean ratio by a point when one of the segments is tlie mean 
proportional between the whole line and the other segment. 

Thua, AB ia divided internally in extreme and mean ratio at F, if 
AB : AP = AP-.PB; and externally in , 
sttchratioatP', if./lB:.dP' = --17^:P'B. P_ 1 

To say that ^B:^P = ^P:PB is * ^ 

merely to say that AF^ = AH ■ PH. This division i.s often known as 
tlie Golden Section or the Uedian Section. 

If the student understands quadratic equations he will see that if the 
lengtli of AB is 6, and if AP = x, then PB = 6 ~x, and 
-.- AP' = AB ■ PB, 
.: s= = 6 {6 - I), 
or ;r^ -j- fia; - 3fi ^ 0. Solving, x = - R ± ^ Vb. 
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Proposition XXVI. 
276, Problem. To divide a line in extreme and mean ratio. 




Required to {livide AB in extreme and mean ratio; i.e. to 

find P such that AB ■ PB = AP\ 
Construction. 1. Draw CB ± AB and = ^ AB. 

2. Describe a O with center C and radius CB. 

3. Draw AC cutting the circumference in X and Y. 

4. Describe two avcs with center A and radii AX and 
A y, thus fixing points P, P'. 

These are the required points. 
Proof for point P. Proof for point /". 

AB^ = AX- A Y AB^ = AY ■ AX 

= AP {AX +XY) = P'A {AY~ XY) 

= AF{AF + AB) = P'A {P'A - AB) 

= AP^ + AP ■ AB. = P'A^ - AB ■ P'A. 

.: AB {AB - AP) -^ AP^. .". AB{AB + P'A) = P'A''. 

.-.AB-PB^AF'. .-.AB-P'B^ P'A\ 

.-. AB is divided internally at P and externally at P' in 

Golden Section. 

It should be noticed that if the sense of the lines as positive or nega- 
tive is considered (that is, considering AP =— PA), the above solutions 
wmild be identical if X and Y were interchanged, and P' si 
tot P. 
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PkO POSITION XXVII. 



277. Problem. On a given Une-seffment as a nde corre 
gponding to a given nde of a given polygon., to construct < 
polygon similar to that polygon. 





Given the polygon ABCD and the line-aegment A'B'. 
Required to construct on A'B' as a side corresponding to AB, 

a polygon A'.B'C'I>' ^ ABCD. 
Constniction. 1. In Fig. 1, place A'B' II AB. I, prop. XXXIII 

2. Draw AA', BB', meeting at 0; draw 00, OD. § 28 

3. Draw B'O' II BC, CD' II CZ>. I, prop. XXXIII 

4. Draw D'A'. Then A'B'C'D' ^ ABOD. 

Proof. 1. ■■■ OA:0A'=0B:0B'^0C\OC' = OD:0D\ §244 
.■. D'A' W DA. Prop. XII 

2. ■,■ A'B': AB= OB' i OB = B'C : BC = > 

Prop. X, .cor. 3 
and Z C'B'A' = Z CBA, and so for the other A, 

I, prop. XVII, cor. 2 ; ax. 3 
.-. A'B'C'D'-^ ABCD. Prop. XXI 

I£ A'B'=AB, as in Fig. 2, draw from G, D ll's to AA'; 
otherwise the construction is as above. It is left to 
the student to prove lyA' II DA, and A'B'C'D' = 
ABCD. .-.A'B'C'D' -^ABCDhw § 262, cor. 1, 



Hosted by 



Google 



BOOK V.^MENSUKATION OE PLANE FIGURES. 
R>XIL'"LAE, POLYGONy AKD THK CIRCLE. 



1. MENSURATIOH OF PLANE FIGURES. 

Pkoposition I. 

278. Theorem. Two rectangles having equal altitudes are 
proportional to their bases. 



Given two rectangles B and B', with altitude a, and with 

bases b, h', respectively. 
To prove that R:R' = b:b'. 

Proof. 1. Suppose b and 6' divide<l into equal segments, /, 
and suppose b = nl, and b' = n'l. 

(In the figures, ji = (!, re' = 4.) 
Tlien if Ji are erected from the points of division, 

E — n congruent rectangles al, 
and M' = n' " " " 

B n-al n b ,^, „ 

=■ ■'■B''^rn' = I- Why? 

NoTK. The above proof assumes that 6 and V are commensurable, 
and hence that tliey can be divided intti equal segments I. The proposi- 
tion is, however, entirely general. The proof on p. 200 is valid if h and 
{(' are ineom mensurable. 

199 
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279. Proof for incommensurable case. 



1. Suppose b divided into equal segments I, 
and suppose 6 — nl, 

wbile h' — n'l + some remainder x, 

such that X <l. 

Tlien if X's are erected from tliu points of division, 

B =n congruent rectangles al, 
and.E'=*i' " " wi 4- a remainder «», 

suet that ax < at. 

2. Then b' lies between n'l and {n' + 1) /, Why ? 

(In the figure, between 1 1 and 5 (.) 
and B' lies between n' ■ al and (n' + 1) ■ al. Why ? 

3. .-. - and — both lie between — and . Why ? 

(In tho figure, between ^ and ^.) 
and .'. they diifer by less than -■ Why? 

(In the figure, by less than J,) 

4. And'-'- can be made smaller than any e 



difference, by ii 

.'. to assume any difference leads to an absurdity. 

>. .■. r = -fT' whence -^ = r,- 

ThK proof will bcufitineil ti> be essentially that of pp. 171, 181. 
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201 



Corollaries. 1. Rectangles having equal bases are pro- 
portional to their altitudes. 

For they can be turned through 90° so as to interchange base and 
altitude. 

2. Triangles having equal altitudes are proportional to their 
bases; having equal bases, to their altitudes. (Why?) 

3. Parallelograms having equal bases i 
their altitudes ; having equal altitudes, to their h 



Pkoposition II. 



280. Theorem, Two rectanfflee have the sajne ratio as the 
products of (the numerieal measures of) their bases and 



Q 



Given two rectangles S, li', with bases b, b\ and altitmli 

ft, ft', respectively. 
To prove that R: R' = ab : a'h'. 
Proof. 1. Let JiT be a rectangle of altitude a. and base I'. 

X~ !>•' 



Then 
and 



B' a' 



Prop. I 
I'rop. I, cor. 1 



nieiiilters of tlie two equations. Ax. (i 

Note. Thu8 again appears the relation between georaetiy and algebra 
set forth in g 221, tliat to the product of two numbers (corresponds the 
rectangle of two lines. 
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281. Definition. To measure a surface is to find its ratio to 
some unit. The unit of measure, multiplied by this ratio, is 
called the area. 

Tliiia, ill a surface 4 ft. long by 2 ft. broad, tlie latio of the surface to 

CoEOLLAEiES. 1. Parallelograms (or triangles) have, the same 
ratio as the products of their bases and altitudes. (Why?) 

For a parallelogram equals a rectajigle of the same base and the same 
altitude, 11, prop. I, cor. 1. See also (for the triangle) II, prop. II, cor. 1. 

2. The area of a rectangle equals the product of its base and 
altitude. 

That is, the number which represents its squai'e units of area is the 
product of the two numbers which represent its base and altitude. 

For in prop. II, if B" = 1, the square unit of area, then a' and h' must 
each equal 1, the unit of length. Hence if/1 = ofi/l, or iJ = ah. 

3. The area of a parallelogram equals the product of its base 
and altitude ; of a triangle, half that product. 

See the proof under cor. 1, 

4. The area of a square equals the second power of its side. 
This is the reason that the second pouier of a number is called its square. 

5. The area of a trapezoid equals the product of its altitude 
and half the sum of its bases. (Why ?) 

See II, prop. III. 

Exerciaes. 435. Prove that any quadrilateral is divided by its inte- 
rior diagonals into four triangles which form a proportion. 

426. ABC is a tria:igle, and P is any point in BC ; from P are drawn 
two parallels to CA, BA, meeting AB, AC in X, T, respectively. Prove 
that A ASY is a mean proportional between A BPX and A PCY. In- 
vestigate when P is on CB produced, 

427. Suppose D, E, the mid-points of sides 6, a of A/4BC, to be 
joined ; draw AE and BD, intersecting at O. Prove that A BEO is a 
mean proportional between AI)OE and ABO. Investigate when BE II 
AB, but D and E are not mid-points of b, a. 
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Pkoposition III. 

383. Theorem. Triangles, or parallelograms, which have 
an angle in one equal to an angle in the other, have the tame 
ratio as the products of the ineluding sides. 




Given two triangles ABC, AB'C, having an angle, A, of 
one equal to an angle, A, of the other. 

To prove tha,t A ABC : A AB'C = AB ■ AC : AB' -AC. 

Proof. 1. Suppose them placed with Z.A in common ; draw 
BC, B'C. 
Then A ABC : A AB'C ^ AB : AB'. Why ? 

2. A.uAAAB'C:AAB'C' = AC:AC', 

their bases being AC, AC "Why ? 

3. .■.AABC:AAB'C' = AB-AC:AB'-AC'. Ax. 6 

4. And '-■ the £17 in the figure are double the A, the 
tlieorem is true for parallelograms. 

CoEOLLAEY. Similar triangles have the same ratio as the 
squares of their corresponding sides. 

T'or if the A are similar, BC II B'C, and the ratio AB : AS' equals, 
and. may be substituted for, the ratio AO :AC', thus making the second 
member of step 3, AB^ -. AB'^. 

Exercises. 438. Prove prop. Ill, changed to read, " an angle in one 
supplemental to an angle in the other. " 

429. Prove the converse of prop. Ill, cor. : If two triangles have the 
s-ame ratio as the squares of any two corresponding sides, they are 
similar. 
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Proposition IV. 

283. Theorem. Similar polt/gong have the same ratio as 
the sqvxirei of their corresponding sides. 




Given F and F', two similar ] 
corresponding to sidi 
spending to diagonal s'. 

To prove that F : F' ^a": a'^. 

Proof. 1. Suppose F and F' divided into similar A of bases 
a and a', b and b', , by diagonals from corre- 
sponding points O, 0'. IV, prop. XXI, eor. 4 
Then A Oa : A O'a' = a^ : a"', Prop. Ill, eor. 

and AOa:A O'a' = s^: s'^ = A Ob : A O'b' = 

Why? 

2. .■. A Oa+Oh + : & 0'a'+ 0'b' + = AOa-AO'a'. 

IV, prop. VI 

3. ■■■ A Oa + 0b + = P, and A 0'a'+ 0'b'+ = F', 

.-.P: P' = a':a'K 



Exercises. 430. K tte vertices, A, B, C, oi a. triangle are joined U 
a point witliin tiie triangle, and if AO produced cuts a at D, tlien 



431. If two triangles are on equa 
leiB, then any liae parallel to tieir 1 
ofE equal triangles. 

433. Two equilateral triangles hi 
Find the ratio of their sides to the n 



lases and between the same paral- 
es, cuttiug the triangles, will cut 
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2, PARTITION OF THE PERIGOM, 
Proposition V. 

284. Problem. To bisect a perigon. 

Construction and Proof. A special case undec I, prop. XSVIII. 
CoKOLLAKr. A pp.Hgon can be divided into S" equal angles. 

Proposition VI. 

285. Problem. To trisect a perigon. 




Given the perigon with vertex O. 

Required to trisect it. 

Construction, 1. On any line OA, from 0, construct an equi- 
lateral A OAB. Authority ? 
2. Produce AO to C, and bisect Z COB by OD. 
Then the perigon is trisected by OB, OC, OD. 

Proof. 1. ■■■ Z AOB = 60°, I, prop. XIX, cor. 8 

.■.Z.BOC, supplement of ZjiOB= 120°, 

2. .-. Z GOB, conjugate of ZBOC = 240°. 

3. .-. Z COD = Z DOB =i2Q'. Const 2 
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CoKOLLAKY. A perigon can be divided into 3 ■ T- equal 
an'jles. 

For if n = 0, then 3 ■ 2" = 3 ■ 1 = 3, so that the corollary reduces to the 
problem itself. If n = l, then 3'2" = 6, and by bisecting ^ BOC, COD, 
DOB, the perigon is diTided into 6 equal angles. Similarly, by bisecting 
^ain, the perigon ia divided into 3 ■ 2* = 12 equal angles, and so on. 



Proposition VII. 
Problem, To divide a perigon into jive equal angles. 




Given the perigon with vertex 0. 
Required to divide it into five equal angles. 
CooBtniction. 1. Draw OA, and divide it at P so that OP ■ OA 
= PA'. IV, prop. XXVI 

2. Draw MY, the ± bisector of OP. I, prop. XXXI 

3. With center P and ra<:lii^ PA describe an aic cutting 
MYinB. I 109 

4. Draw OB. 

Then /L AOB = J of a perigon. 

Proof. 1. Draw AB and PB. 

Then -.- OP- OA = PA^, 
and ■.■ 0A> PA, 

.-. OP < FA, and .'. MP < PA. 
.-. AB cuts MV. 
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■ A OPB is isosceles, 0B = PB = PA, tlie fadius. 



Also, OA' 
And 


+ 0B^ = 

■ ■ 2 0M = 


■-AB'-\-2 0M- OA. 

II, prop 
= OP, 


. IX, cor. 1 


.-. OA' 


+ OB^ = 


■-A/r- + OP 


-0^, 






4. And 


■■■ OB^ = 


-. FA' = OP 


■OA, 






.-. 0A'+ 0B' = 


-- AB^ + 05= 


■; from step 3, 






.-. OA' = 


-^AB\ 








and 


.-. OA = 


--AB. 








:.^OBA 


= Z = 


-- Z BPO, 




r, prop. Ill 






= Z yl + Z PBA. I, 


prop. 


XIX 


And 


■■■ ZA^ 


--APBA, 




r, prop. Hi 




.■.zo = 


^2 /LA. 








.-.ZOis 


f of a St. 


Z, or i of a 


purigon. 
I, 


prop. 


XIX 



Corollary. A perigon can be divided into 5 ■ S" equal parts. 

For if n = 0, then 6 ■ 2" = 5 ■ 1 = 6, so that the corollary reduces to the 
problem itself. H n = 1, then 5 ■ 2" = G ■ 3 = 10, and by bisecting Z A OB, 
the resulting angle is jJj of a perigon. Similarly, by bisecting again, ^^ of 
a perigon is formed, and so on. 



Exercises. 433. In ilie figure on p. 20(3, \eiOF=x, PA = r; then show 
that x = - ( VS - 1). (Omit ess. 433, 434 it the student has not had 
quadratic equations.) 

434. In the same figure, if OP ^ x and OA = a, show that x = 
^(3- VE). 

435. On the sides a, b. c, of an cqnilateral triangle, points JE", Y, Z 
are so taken that BX : XC = CY : YA = 4Z : ZB = 2 : 1. Find tiie 
ratio of AXYZtoAABC. 
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Proposition VIII. 
Problem. To divide a perigoninto ji 



SolutiOQ, 1. Maku ZJOS = ^of a perigon. Prop. VII 

2. Make /LJOD = ^ of a perigon. Prop. VI 

3. Bisect Z BOD. 1, prop. XXVIII 

4. Then Z BOC = i (i - i) perigon = yV o^ * perigon. 

CoKOLi,AEY. A peril/Oil can be divided into 15 ■ ^ equal 
angles. 
Explain. 



288. Note. That a perigon 
15 ' 2" equal angles, was known as 
the compasses and straight edge n< 
In 17fi6 Gauss found, and puhliBhe 
be divided into 17, and hence into 
it could be divided into 2™ + 1 equ 
and, in general, that it could be 
represented by the product of 
2°' + 1. Hence it follows that a 
of equal angles represented by tlit 
prime numbers of the form 2" + 
hers that if 2"" + 1 is prime, m mu 
the prime numbers mentioned ia 
geometric, and is not adapted 



could be divided into 2", 3 ■ 2", 5 ■ 2', 
early as Euclid's time. By the use of 

other partitions were deemed possible, 
ed the fact in 1801, that a perigon could 
» 17 -2" equal angles; furthermore, that 
lal angles if 2« + 1 was a prime number ; 

divided into a number of equal angles 
difierent prime numbers of the form 

1 perigon can be divided into a nnmber 
e product of 2» and one or more difierent 
1. It is shown in the Theory of Num- 

2^ ; hence the general form for 
. Gauss's proof is only semi- 
;eometry. 



Exercises. 436. Including the divisions of a perigon suggested by 
Gauss, there are 25 possible divisions below 100. What are they? 

437. As in ex. 436, there are 13 possible divisions between 100 and 
300. Wliat are they ? 
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3. REGULAR POLYGONS. 
PEOPOsrTio:^ IX. 



289. Problem. To inscribe in a circle a regular 'poly<jon 
having a give.n number of sides. 



Given a circle with center and radius OA. 
Required to inscribe in the circle a regular w-gon. 

Construction. 1, Divide the perigon into n equal parts (n 
heing limited as in props. V-VIII and cors.) as A OB, 
BOC, COD, , B, C, D, lying on the circum- 
ference. 

2. Draw AB, liC, CD § 28 

Then ABCD is an inscribed regular it-gon. 

Proof. 1. AAOB^ABOC^ACOI)^ , 

and AB = BC = CD = I, prop. I 

2. .■.Jb = BC=CI)= Ill, prop. IV 

3. .■ . ^ I)CB -^ ^ CBA = 

'.' each stands on (n — 2) arcs equal to AB. 

Ill, prop. XI, cor. 1 

4. .'. ABCD is an inscribed regular polygon. 

5§ 92, 201 
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CoEOLLAKiES. 1. The side of an inscribed regular hexagon 
equals the radius of the circle. 

T]\.m AAOB = \ Qt 360° = 6(r; .: ABAO, which = Z OBvl = 60". 
.-. A ABO is equilateral. 

2. An inscribed equilateral polygon is regular. 
For by step 3 of the proof it ia also equiangular ; and being both equi- 
lateral and equiajigular, it is regular. 



Pkoposition X. 

290. Problem, To circumscribe about a circle ( 
polygon having a given number of sides. 




Given a circle with center and radius OA. 

Required to circumscribe about this circle a regular w^on. 

Construction. 1. Divide the perigou into w equal parts (n 
being limited as in props. V-VIII and cors.) by lines 
OW, OX, OY, 

2. Bisect ^ WOX, XOY, by radii to A, P., 

I, prop. XXVIII 

3. From A, B, C, draw tangents to meet OIF at B, 

OX at _£■, Ill, prop. XXVI 

Then DEFG i.s the required polygon. 
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Proof. 1. ■■■ DEI. OA, EF 1. OB, , 111, prop. IX, cor. 2 

.-.A OAE^lx OBE, and AE -= BE, OE = OE. 

I, prop. II 

2. .■. the tangents from A and B meet OX at the same 
point, IS. 

3. And ".' Z DOE = Z EOE, Const. 1 
and Z OED = Z J'^O, Step 1 
.-.ADOE^AEOF, axid DE = EF, "Why l* 

4. Also, •■■ Z.GFE=/LFED, each being the supple- 
ment of an Z equal to Z WOX, (Name the A.) 

1, prop. XXI, cor. 

.■- DEFG is a circumscribed regular polygon. 

§§ 92, 201 

Corollaries. 1. The side of a regular hexagon circum- 
scribed about a circle of diameter 1, is 1/V3, or J "v3. 

For it is (as in prop. IX, cor. 1) the side oi an equilateral A ■whose 
altitude is J. This is easily shown to be I/V3. (Show it,) 

2. A circum^eribed eqtdanffular polygon is regular. 
Prove that any two adjacent sidea are equal. 



Exercises. 438. In a rightangled triangle, any polygon on the hypote- 
nuse equals the sum of two similar polygons described on the sides as 
corresponding sides of those polygons. 
(Suggestion : Pj : Pj = 5^ 1 e^ ; 

-■. Ps + Ps ; Pa = 6= + C2 : C2 

,-. Pa + Pa : Pi = Pb : Pa = 1. This is one 
of the gencraUzed forms o£ the Pythago- 
rean theorem,) 

439. If r is the radius of the circle, and 
3 is the aide of the inscribed equilateral 
triangle, then s = r v^. 
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PLANE GEOMETRY. 



Pjmpositiox XI. 

291. Problem. To circumscribe a circle 
regular polygon. 




Given the regular polygon ABCD 

Required to circumscribe a circle about it. 

Construction. Bisect A DCB, CBA, the bisectors meeting at 0. 

Then is the center and OB the radius. 
Proof. 1. Draw OA, OD, OE, Then ■-' A OCB, CBO ai'e 

haJves of oblique A, each is less than a rt. Z. 

2. -■. CO and BO cannot be II, and they meet as at 0. 

3. And ■-■ A CBO = Z. OBA, Const, 
and AB = BC, § 92, def. reg. pol. 

4. .-.AABO^ A CBO, and 0A= OC. Why? 
Similarly each of the lines OB, OD, = OC. 

5. -■. is the center, and OA, OB, arc radii. § 108 

393. Note. The inscription and cireumseription of regular polygons 
are seen to depend npon the partition of the perigon. Elementary geometry 
is thus limited to the inBcription and circumscription of regular polygons 
of 2°, 8 ■ 2", 5 ■ 2°, 15 ■ 2" sides ; or, since the discovery by Gauss, to poly- 
gons the number of whose sides is represented by the product of 2" and 
one or more different prime numbers of tlie form 2™ + 1. 

In addition to regular convex polygons, cross polygons can also be 
regular, the common tive-poin(«d star being an example. 
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REGULAR POLYGONS. 



Pkoposttion XIL 



293. Problem. To inscribe a circle in a given regular 
polygon. 



Given a regular polygon WXY 

Required to inscribe a circle in it. 

Construction. 1, Circumscribe a circle about it. Prop. XI 

2. From center of this O draw OA J_ WX. 

I, prop. XXX 
With center O, and radius OA, a O may be inscribed. 

Proof. 1. Draw OB, OC, X XY, YZ, 

Then ■.' OA bisects WX, .'. A lies between W and 
X, and so for Ji, C, Ill, prop. V 

2. And-.- WX=XY== , .'. OA = OB = 

Ill, prop. VII 

3. .■. if with center and radius OJ a O is described, 
then TFX, XY, will be tangent to the O, 

III, prop. IX, cor, 3 
and .■. the O is inscribed in the polygon. 

§ 201, def. inscr. 

Ezercises. 440. Solve prop. XI by bisecting the sides AB, BC by 
perpendiculars, thus deterniiiiing 0. 

441. Inscribe a regular cross peotagon in a circle. (The regular cross 
pentagon, the pentagram, was the badge of the Pythagorean school.) 
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CoEOLLAKiEs. 1. The inscribed and circumscribed circles of 
2 regular polygon are concentric. 



2. The bisectors of the angles of a regular poli/gon meet i: 
the common in- and cireum^enter. 

For hy the proof of prop. XI they meet in O, and by cor. 1 is th 



3. The perpendicular bisectors of the sides of a regular 
polygon meet in the common in- and eireumcenter. (Why ?) 

394. Definitions. The radius of the circumscribed circle is 
called the radius of a regular polygon ; the radius of the 
inscribed circle, the apotlieni of that polygon; the common 
center of the two circles, the center of that polygon. 

E.g. in the figure below, r is the radius, m tlie apotliom, and the 
center of tlie regular polygon, part of which is shown as inscribed in the 



Proposition XIII. 



295. Theorem. The area of a regular polygon equals half 
the product of the apoihem and perimeter. 




Given an inscribed regular polygon, oi area a, perimeter 

p, apothem m. 
To prove that tt = i nip. 
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Proof. Let be the center and r the radius of tlie einnim- 
scribed circle. 

Let t be one of the A formed by joining to two 
consecutive vertices, and s a side of the polygon. 
Then area t equals ^ ms. Why ? 

.'. the area of the polygon equals tlie sum of the 
areas of the triangles = ^wi x the sum of the sides 
= i mp. Ax. 2 

Corollaries. 1. The areas of regular polygons of the 
same number of sides are proportional to the squares of their 
apothems, of their radii, or of their sides. 

For —, — ., = —f-, ; and from similar & and IV, prop. XX, 
<t- im'p' m'p'' 
m r s p ....... a m^ r2 s2 

^ = p = P =^; ■■■ !>? substitution ^ = ^ = ^2 = ^■ 

2. The perimeters of regular polygons of the same number 
of sides are proportional to their apothems, their radii, or 
their sides. 

Proved with cor. 1. 



es. 442. Thedistance from tlie center W) a side of the inscribed 
equilateral triangle equals r/2. 

443. Draw a diameter AB of a circle with center , then with 
center A and radiuM A O draw an arc cutting the circumference in C', D ; 
draw CD. BB. BC, and prove A BCD equilateral. 

444. The area of an inscribed regular hexagon is a mean propor- 
tional between the areas of the inscribed and circumscribed equilateral 
triangles. 

445. Show how, with compasses alone, to divide a circumference into 
six equal arcs. 

446. Prove that if AB, CD, two diameters of a circle, are perpen- 
dicular to each other, then ACBD is an inscribed square. 

447. Let OX be the perpendicular bisector of liue-segment AB at O ; 
layofi on OX, OD = 40; and, on DX, lay oft I)C = DB; then prove 
that C is the center of the O circumscribed about the regular octagon of 
which AB is a side. 
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4. THE MEHSURATIOTf OF THE CIRCLE. 

296, Postulate of Limits. The circle and its dreitmferenee 
are the respective limits which the tnsenhed and circmn- 
scribed regular polygonf and their perimeters approach, if 
the number of their sides increases indefinitely. 




The following may be read by the student in connection 
with the postulate, althoi^h it does not constitute a proof : 

1. In the figure, suppose an in- and circumsoritied regular ii^on rep- 
resented. Then each exterior angle equals in each figure. 

2. .-. each interior angle equals 180= - ^^ , and .-. Za = m'' - ^^■ 

3. .-. it n increases indefinitely, Z a = 90°, anip — r. 

i. .■- the inscribed polygon =; the circle, and ite perimeter =^ tlie 
circumference. Similarly for the oircnmsoribed polygon. 

CoaoLLAiiiEa. 1. The circumscribed regular polyrjon and 
its peHmeier are respectioelij greater than the circle and its 
circtiwferenee ; the inscribed, and its perimeter, less. 

2. If, on any finite closed curve, n points 
are assumed equidistant from each other, and 
each connected with the succeeding point h 
a straight line, then the curve is the limit which the broken 
line approaches if n increases indefinitely. 
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Fkoposition XIV. 

297. Theorem. The ratio of the eireumferenoe to the 
diameter of a circle is constant. 

Proof. 1. Suppose aay two circles, of cireumferences c, c\ 
radii r, r', and diameters d, d', respectively, to have 
similar regulw polygons inscribed in them, of 
perimeters p, p', respectively. 

Then p:p' =r: r', Prop. XIII, cor. 2 

= 2r:2r'^d:d'. IV, prop. VIII 

2. And ■.■ r, r', d, d' do not change when the number of 
sides of the polygons is doubled, quadrupled, , 

§ 294, def. radios polyg. 

and ■-■ p = c, and p' ~ c', % 296, post, of limits 

.-.<:■.(:' = d:d'. IV, prop. IX 

3. .■ . r. : d = c' : d' = the same for any ©. IV, prop. Ill 

HOTK. This constant ratio c:d is dCBigiiated by the symbol w (pi), 
tlie initial letter of the Greek word for circumference (peripher^a). 
The value of ic is disouaaed In prop. XVII. 

COROiLABiES. 1. c — 7rd, or 2wr. 

For if - = )i, then c = icd, 

2. If the radiits of a, circle is 1, then e = 2ir, or a, semi- 
cireumferencc equals ir. 

3. The circumferences of t'vo circles are- proportional to 
their radii. 



Ejcerdaea. 448. i'ind, in terms of the radios of the circle, r, the sidK, 
apothem, and area of tlie in.'icribed ami circumscribed equilateral triangle. 
449. Also of tlie inscribed and circumscribed square. 
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XV. 

298. Problem. Given the sides of the regular inscribed 
and circumscribed n-yons, to find the side of the regular 
circumscribed 2 n-ffon. 




Solution. 1, In the figure, 

liifAJt = a side of the regular insoribed «-goii, i^; 
" A'B' = '' " " circumKciibed " c„. 

Tlien BM' 

— " " " inscribed 2w-gon, i^^; 

and JJ6' 

2. But-.- OC bisects ZM'OB', Why? 

.-. CB':M'C= OS':OM'(^ OB), 

3 V, prop. XI3I 
AB, IV, prop. X, cor. 3 



= A'B' 

3. .-. CB' + M'C:M'C=c,+ 
or M'B':M'C = o„ + 

4. ,-. 2M'B':2M'C = c,+ 

5. .■. <!,LCs„=C„ + 

or e^, = '" , 



IV, prop. V 
IV, prop. VIII 
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1'eoposition XVI. 

299. Problem. G-iven the sides of the regular inseribed 
n-ffon and the regular circumscribed 2 n-gon, to find the side 
of the regular inscribed 2 n-gon. 

Sedation. 1. Ill the figure on p. 218, 

A M'BM -~ A CWD. Why ? 

.-. M'B:BM= CM'-.M'D. Why ? 

2. Oi' h.,-^K^\e^.r-\H,r Why? 

3. .■.4. = iV2ft,„.v Why? 

CoROLLARiEB. 1. Jf p„, p2„ P„, I'jn r'^j-es6)rf (Ae jjeW»ieie5-M 
of the polygons with sides i^, i^^, €„, Ck„, respectively, then 



C2„ = Pi„/2n, c, = P„/n, h,=P2„/2n,, anil i,, =p„/n] substi- 
«e ill the final steps of props. XV, XVI. From prop. XV, 
F^._ P„/n-p„/n 







'2n 


P«/"+P„/w 


r.+r. 






.: A„ 


P^ + v.. 






From 


prop. 


XVJ, 

an 










= lj2.fi= 
2\ 2n 


.Vs. 








■■- Jizv 


= Vr..p,.. 






2. (H, 


= -^ 


^■l„ 


=, .i.S«re p . 


!j,th, 


; radivs. 



... o„ = - '"•'" T liy mull 1 plying- by 
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Proposition XVII. 

300. Theorem. The approximate value of it is 3.14.159 +. 

Proof. 1. In a reguiai' hexagon inscribed in a circle of diam- 
eter 1, (b = ^, and .■. Pi = 3. Prop. IX, cor. 1 

2. Of the regular hexagon circumscribed about that O, 
Ca = 1 / Vs. Prop. X, cor. 1 

3. .-..Pc - 6 ■ ce = 3.4641016 

4. From p,^ and 1\ can be found pi-^ and Pa. 

Props. XV, XVI 

5. From p,^ and i'u can be fonnd ^^^ and P.^, and 
so on. Props. XV, XVI 
If the process were continued to a 1536^oq, joubj 
would be found to be 3.1415904, and P^t,^^ would be 
found to be 3.1415970. 

6. And ■.■ e, or ird, which equals tt ■ 1 or tt, lies between 
p„ and P„, however large n may be, 

§ 296, post, of limits, cor. 1 
.■. TT lies between 3.1415904 and 3.1415970, and is, 
therefore, approximately 3.14159 +. 



Exercises. 450. The diagonals of a regular pentagon cut each other 



451. If ABODE is a regular pentagon, and AD cuts BE at P, prove 
tliat AP : AE = AE : AD. 



452. To construct a regular pentagon equal to the sum of two giyen 
regular pentagons. 

453. Find, in terms of the radius of the circle, r, the side of the 
inscribed regular pentagon. (Omit unless ex. 433 was taken.) 



454. Also of the ir 

455. Also of the ii: 

456. Also of the ii 



bed and circumscribed regular hesagon. 
bed and circumscribed regular dodecagon, 
bed regular decagon. (Depends on ex. 46.1.) 
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301. Notes. The computation in prop. XVII, which the 
student is not expected to make, is as follows ; 



3. 


3.4641016 


3.1058286 


3.2153903 


3.1326286 


3.1508599 


3.1393502 


3.1460862 


3.1410810 


3.1427146 


3,1414524 


3.1418730 


8.1415576 


3.1416627 


3.1415838 


3.1416101 


3.1416904 


3,1415970 



302. The following historical notes on tt aj-e inserted to show 
the student how the subject of the mensuration of the circle 
has grown. 

The early approximation for x, in use among tlie ancient people, was 3. 
See I Kings, rii, 23 ; II Chron. iv, 2. " What is three hanil-l3readt]is 
around is one hand-breadth through." — The Talmud. 

Ahmea, however, gave the equivalent of 3.1604. 

Archimedes seems to have been the first to employ geometric methods 
similar to that of props. XV, XVI for approximating jt. He announced, 
" The circumference of a circle exceeds 3 times the diameter by a part 
which is less than i, but more than JJ, of the diameter." 

Hero of Alexandria used both 8 and 3^. 

Ftoiemy of Alexandria gave Sj^j. 

Aryabhatta found 3.1416, by a method similar to that of prop. XVII. 

Brahmagupta used the values of Archimedes ; also ^m and JIJ, the 
last being only another form for Ftfllemy's. 

Metins gave the easily remembered value 355/113. 

Ludolph van Ceuien computed it to the equivalent of over 30 decimal 
places (the decimal fraction was not yet invented), and wished it engraved 
on his tomb at Leyden. On this account x is ofien called in Germany, 
"the Ludolphian number." 

Vega carried it to 140 decimal places. 

Dase canied it to 200 decimal places, 

Kichter carried it to 500 decimal plaees. More recently Shanlts carried 
it to 707 decimal places. 

The symbol « is first used_ intliis sense in Jones's "Synopsis Palma^ 
" London, 1706. 
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[Bk. V. 



303. Definition. Tt is now necessary to extend our idea of 
equal surfaces. The definition at the beginning of Book II, 
§ 142, is true, and it suf&ces for the eases there under con- 
sideration. But when curvilinear figures are compared with 
rectilinear, it is impossible to cut the surfaces into pai'ts 
respectively congruent. Hence, we enlarge the definition, 
tlius : Two surfaces are said to be equal if tkey have the 

Thus, a circle having an area of 2 w' would equal a rectangle 2 ra long 
by 1 m broad, even though they could not he cut into parts respectively 
congruent. 

304. Table of Values. The following table of values of 
expressions involving tt will be found useful in computations 
concerning the circle, sphere, cylinder, cone, eiic. : 

Tt = aui50 Vx = 1.77246 180°/jr = 57^.29578 

ir/4 = 0.78540 1/V^ = 0.6611!1 n-/180 = .01745 

1 / jt = 0.31831 Kjv^ = 4.44288 Approximate values : 

!T« = 0.86960 v^72 = 1.25331 s = 3,4 = g), }^^. 

The tahle is repeated, with other tables of value in numerical compu- 
tations, at the end of this work. 

305. Radian Measure of Angles aad Area. Since \i A = any 
central angle and a = its arc, 

A-.&t./. 

.■.A-.^-Ajf! = 

. ovA:180y-!r = 

or^:57°.29+ = 

That is, the ratio of a central angle to st. Z/x equals the 

ratio of its arc to an arc of the same length as the radius. 

Just as the "degi'ee" is the unit for both angle and arc 

measure, it being understood to be g^j of a perigon in the 

one case and gj^ of a circumference in the other, so a special 

name is given to st. Z/'tt and to an arc which equals a ra<lius 

in length ; tliis name is radian. In other words, a radian 
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is — of a St. Z, in angle measure, and — of a semicircumfer- 
eace, or an arc equal to a radius in length, Lii arc measura 
Since r = -180°, .■. )• = 57*'.29+, where )■ stands for radian. 

Also ■.- 180° = irv, 
.0174533 of a radian. 

In most work in advanced mathematics the radian measure 
is used exclusively. In common measurements the degree is 
used. It is necessary in this work to use both. 

It is customary to express an angle in radians by the Greet 

letters a (alpha), ^ (beta), y (gamjna), , the first letters of 

that alphabet. 

306. Corollary. The lenffth of an are equals the product 
of the radius by the angle in radians. 

For if a ^ length of arc, and « = its Z in radians, tlien - = — , 



Exercises. 457. Express tlie following in raiiians : 10°, 21° 20', 57°, 
58°, 1!0=>, 

458. Express the EollowiDg in degrees: l.aOSOi-, .80581-, .S636r, 
.1687 »-, .0029r. 

469. Express tiie following in radians: 100°, 180°, 270°. 

460. Express tlie following in degrees: 3.4907 r, 6.2.959r, 6.2832r, m-. 

461. Find tlie lengths of arcs of 47° 50', 61° 20", 76° 40', the radius 
being 10. 

462. Given the lengths of the following arcs, to find the radii of the 
various circles : 76° 10', 131.19 ; 32° 20', 2.822 ; 4°, .0698. 

463. Show that the perimeters of the inscribed and cireumscribed 
squares, the diameter of the circle being 1, are respectively 2.8284271 
and 4 ; hence, find tlie perimeters of the inscribed and circumscribed 
regular octagons, and thus show that tlie value of 7t may be approxi- 
mated in this way. 

464. Tlie circumferences of certain © are 43.9823, 84.8230, 128,8053, 
185.5340, 204.2035 ; find the diameters. 
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PbO POSITION XVIII. 



307. Theorem. The area of a eirele equals half the prod- 
uct of its circumference and radius. 

Given a, e, r, the area, circumference, and radins of a eirc^le. 

To prove that « = i cr. 

Proof, 1. If a', p represent the ai'ea and peJ'imetei' of a cii- 
cumscribed regular polygon, then the apothem of 
that polygon is r. % 294 

2. And a' = ^pr. Prop. XIII 

3. But a' :i= a, and ^ jsr ==. ^ cr. § 296, post, of limits 

4. .'.a — ^ cr. IV, prop. IX, cor. 1 

COBOLLAKIEH. 1. « = TTt^. 



2- «-i^- (™y?) 

3. If s represents the area of a sector, and a its angh 
radians, then s = r^ia;/2. 

Por S : >Er= = (c ; 2 *. (IV, prop. XVI, cor. ) 

4. Of two unequal circles, the greater has the greater circ 
ference. 



the circumference 

5. The areas of two circles are proportional to the squares 
of their radii. 
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308. HisrouiCAL Note on Quadeature or the Circle. The ex- 
pression, "to square the circle," means ta find the side of a square whose 
area equals that of a given circle. The solution of this problem by 
elementary geometry has been proved to be impossible. It nevertheless 
occupied the attention of many mathematicians before this impossibility 
was shown, and many ignorant people stiU attempt It. Some of the 
Pythagorean school claimed to have solved it, Anaxagoras (died 428 b.c.) 
wrote upon it, and hundreds of writers since then have discussed iJie sub- 
ject. It is closely related to finding a straight line equal to a given circum- 
ference ("to rectify the circumference"), and the two depend upon 
finding the value of « exactly. That n" cannot be expressed exactly, nor 
as the root of a rational algebraic equation, was shown by Lindemann 

For the mathematical discussion, see Klein's "Famous Problems of 
Elementary Geometry," translated by the authors. (Boston, Ginn & Co.) 



Exercises. 465. What is the radius of that circle of which the number 
of squai'e units of area equals the number of linear units of circumference? 

466. Also, of which the number of square units of area equals the 
numlwr of linear units of radius? 

467. Give a formula for a in terms of d, and the constant it. 

468. A circle equals a triangle of which the base equals the circumfer- 
ence and the altitude equals tlie radius. 

469. Fhid the areas of circles with radii 5, 7, 31, 35, 47, 50. (In these 
computations, for uniformity let ir = 3.1416.) 

470. Also with diameters 2, 8, 11, 31, 42, 97. 

471. Pind the radii of circles of areas 78.6398, 2042.8206, 4536.4698. 

472. Also the diameters of circles of areas 2123.7166, 3318.3072, 
56.745017. 

473. Also the circumferences of circles of areas 95.0332, 462.3893. 

474. Also the areas of circles of circumferences 267.0354, 191.6372. 

475. The area of the ring formed between the circumferences of two 
concentric circles of radii ri, r^, where ri>r2, is n(ri -f- )'a)(ri — rj). 

476. The area of that portion of the ring of ex. 475 cut off bj the arms 
of the central angle a radians is i a (ri + 1-3) (n — i-j) ; or, if (ii, Oi are 
arcs bounding that portion, the area = 4 (ai + oa) (ri — r^). 

Note. The remainder of tlic work may be omitted witliout destroying 
the integrity of the course. 
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1. SUPPLEMETTTAKY THEOEEMS m MEWSUKATIOM. 



Pkoposition XIX. 

309. Theorem. If the aides of a triangle are a, b, c, and 

ij 3 = 4 (a + b + c), Sj = 8 — a, 82 = s — b, 83 = s — e, then the 
area equals Vs ■ 8^ ■ s^ ■ Sg. 




= 1? -Y c^z^2 he', 2 be' taking the sign — fot Fig. 1, 
for Fig. 3, and being for Fig. 2. § 169 

a^/2h, by solving the above 
Axs. 2, 7 



equation for c'. 
2. But ft' = c^- fl'^ = (c + o')(e- o-) 



§164 
«^/2i], by 
substituting the value of c' given in step 1. 
.■.A= = (2fo + &= + c2-ai^(2Sc-5*-c^ + «^)/46^ 
by removing paxrentheaes and simplifying. 

.-. i b%^ = l(b + cy - a^ [a" - (6 - c)^]' ^'y '"'^Iti" 
plyir^ by 4 S* and factoring. 

.■.4&W-(& + c + a)(5 + <!-«)(ft + S-c)(« -/. + -;), 
by factoring still fai'tlier. 
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4. But if a + 6 + c = 2s, as given, 
then h-\-c-a = 2{s-a) = 2sy, 

and a-h-¥c = 2{s-h)^ 2s^, 
and a + 6 - c = 2 (fi - c) = 2 Sg. 

5. .■.45=A* = 2s-2s,-2s-,-2sa. Subst. in 3 



G. .■. area = ^hh = V« • sj - Sj ■ Sj. V, prop. II, cor. 3 

Note. This ts known as Hero's formiUa tor tlie area of a triangle. Of 

lourse a, 6, e represent numerieai values as esplained under V, prop. II, 



Pkoposttiox XX. 

310. Theorem, The radius, r, of the circle cireumscrthed 
about the triangle abo of area t, equals abc/4t. 




Proof. 1. Suppose CX = rf a diameter, CD (or h) _L AB, and 
JiX drawn. 

Then AABC'-'AXBC, IV, prop. XVII 

and .\ /I:a = b:h. Why? 

2. .-. r = ah 12 h. IV, prop. I ; ax. 7 

3. But ■.■ :)^h<- = t, V, prop, II, cor. 3 

.-.r^aU/it. Subst. 3in2 

Note. The value of ( can be found hy Hero's formula. 

Exercise. 477. Find the areas of the ti-iaiigles with sides (i) 13, 14, 
15 ; (2) 3, 6, 8 ; (S) 7, 10, 18 ; <4) a, a, a; (5) 3, 4, 5. 
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PLANE GEOMETRY. 



Fkoposition XXI. 



311. Theorem. The product of the diagonals of an tnscrip- 
tihle quadrilateral equals the swm of the products of the 
opposite sides. 




Given J BCD, an inscriptible quadrilateral, with sides a, b, 
c, d, and diagonals e, f. 

To prove that e/= oe + hd. 

Proof. 1. Let ABCD be inscribed, the sides aiTanged as in the 
figure, chord AK = BC, and DK drawn cutting AC 
at L. 

Then Z ADK = Z BDG, and Z CAD = Z CBD, 
and .-.AALD-^ ABCD. Why? 

2. Also ■.- Z Zlt'Z = Zi>B,^, and Zii'C = Z^Z>.7?, 

Ill, prop. XI, cor. 1 ; ax. 2 
.-. A CDL — A BDA. Why ? 

3. From 1, AL :d ^ l>:e, OT AL ^ bd/e; IV, prop. XX 
from 2,LC:c^a:e,oi:LC^ac/e. IV, prop. XX 

4. .-. AL + LC, or ^C, or/= (ac + 6rf)/e. Ax. 2 

5. .-. «f=w + 5rf. Ax. 6 
NiiTK. Ptolemy's tlieoreiii. 

Exercise. 478, Is prop. XXI true when b = zero ? 
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MAXIMA AND MINIMA. 



2. MAXIMA AND MINIMA. 



312. Definitions. If a geometric magnitude can, by con- 
tinuous change, increase wntil a value is reached at which the 
magnitude begins to decrease, such value is called a maximum 
value ; if it can similai'ly decrease until a value is reached at 
which it begins to increase, such value is called a minimum 
value. 

In general, a magnitude can haye more than i 
minimnm value, as in the annexed 
figure wliere ai, 03, Oj represent 
maximum, and bj, 

values of the ordinates of F. In j[' 

the elementary geometry of the line 

and circle, however, only one maximum or minimum exists, so that the 

words here mean greatest and least. 

E.g. the masiuiuni chord of a circle is the diameter (III, prop. VIII, 
cor.), and the minimum cliord is spoken of as zero, since zero is the limit 
whifh conftantly decreasing chords of a circle approach. 

A magintude at its maximum value is called a maximum; similarly, 
a minimum E.g. a chord of a circle is a maximum when it is a 
diimeiei 

313 Figuies having equal perimeters are said to IxJ isoperi- 
metnc 

Exercises 479. Draw a line AB, bisect it at M, and take a point 
1 on AM then sliow that AX^ + XB^ = 2 AM^ + 2 XM\ and that 
tins IS a minimum when XM = 0; hence show that the sum of the 
squares on the two segments of a given line is a minimum when the seg- 

480. Also that AX ■ XB = JlfB* - XM^, and that this is a maximum 
when XM = ; that is, that the rectangle of the two segments inln which 
a given line can he divided is a maximum when the given line is hiseeted. 

481. If the diagonals of an inscribed quadrilateral are perpendicular 
to each other, then the sum of the products of the two opposite sides 
equals twice the area of the quadrilateral. 



Hosted by 



Google 



PLANE GEOMETRY. 



1'ko POSITION XXII. 



314. Theorem, Of all triangles formed with the same two 
given side^, that is the maximum whose sides contain a right 



AD B 

Given the A A]iC„ ABCi,with.ACi-= AC^,a,nd AC^±A£. 
To prove that A ABC^ > A ABC\. 

Proof. Suppose CiD _L AB, 

Then AC\> DC^, I, prop. XX 

and .". its equal AC^ > DCi. 

.-.AABCs > AABCi, 11, prop. 11, eor. 3 
since they have the same bases but different altitudes. 



Exerc aes 482 F n 1 rad ans the angle a of a sector of a circle of 
r h h e ml-er of square unita of its area equals tie 

number of 1 ceir ts of s entire perimeter, 

483 I teriret he res 1 of e-i. 482forr = 2f 1 +-)- Discuss it for 

r<f2. Discuss It fur r<2 A + ly 

484. In the Sulvasutras, early semi-theolo^cal writings of the Hindus, 
it is said : " Divide the diameter into 16 parts and take awaj 2 ; the 
remainder is approximately the side of the square equal to the circle." 
From this compute their value of it. 

485. On AB descriije a semicircle, and in it inscribe the i.wsceles tri- 
angle ABC ; on BG and GA descrihe semicircles opposite the A ABC. 
Show that A ABO = the sam of the two lunes thus formed. (The luncs 
of Hippocrates.) 

486. S(K lights are placed regularly on the circumference of a circle 
of radius 21 ft. ; what are the dist-inces of eaoli from each of the othera ? 
(To 0.01.) 
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MASlilA AND MINIMA. 



Pko POSIT ION XXIII. 



315. Theorem. Of all isoperimetric triangles on the same 
'ase the isoeeeles is the maximum. 




Given two isopGriiuetiie A ABC and JA'A", A ABC being 

isosceles, with AC = BC. 
To prove that AABO AABX. 

Proof. 1. On AC produced, let CB'-^AC; draw B'B, B'X; 
suppose CD II AB. 
Then ■■■ AC^ CB<, 

.-. BD = DB: 1, pi-op. XXVII, (lor. 2 

2. And ■■■ CB-= AC, 

.-. CB = CB', ajid CD ± BB'. Why ? Ax. 1 

3. .■.AC+ CB= AC+ CB' <AX+XB'. 

Ax, 2; I, prop. VIII 

4. ■■■ AX+XB = AC+ CB, Why? 

.-. AX + XB < AX + xb; 

and -■- XB < XB'. Why ? 

&. .'. X and AB lie on the same side of CD, 

1, prop. XX, cor, 3 
and .-.A ABC >AABX. 11, prop. II, cor. 3 

Corollary. Of all isojjerimetric triangles, that which is 
equilateral is the ntaximum. (Why ?) 
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PLANE GEOMETRT. 



P BO POSITION XXIV. 

316. Theorem. Of all triangUi having the same base and 
area, the isosceles has the minimum perimeter. 



Given the A ABC an 
area, with AC = 



. JJSX having the sol 
BC. 



! base and 



To prove that perimeter ABC < perimeter ABX. 
Piwrf. 1. Suppose cm .^B; reproduced 80 that C7i' = -4Ci 
B'X drawn ; and B'B drawn cutting C i" at B. 
Then ■■■ AABC = AABX, 

.-. C F passes through X II, prop. II, cor. 4 
2. And -.■ AC= CB', 

.-. BD = I)B'. I, prop. XXVII, eor. 2 



3. 


And 


■■■ ABDG^AB'DC, 


I, prop. XII 






.-. CD±BB', 


Why? 




and 


.-. XB = XB'. 


I, prop. XX 


4. 


l!ut 


AC+ CB' < AX + XB', 


I, prop. VIII 




and 


■.AC+CB<AX+XB. 




6 




perim. ABC < perim. ABX. 


Why ? 


OL 


LAEY. 


Of all equal triangles, that 


which is equi- 



lateral has the minimum perimeter. 

lor whatever side ia taken as the base, the perimeter is less if the other 
two sides are equal. 
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MAXIMA AND MINIMA. 



Proposition XXV. 



317. Theorem. If the ends of a line of given length are 
joined hy a straight line, and the area of the figure enoloud 
is a maximum, it takes the form of a semicircle. 



Given a line AFB (the curve in tlie figure), of given 
length, and AB joining its end-points. 

To prove that, if the area of the figure ABP is a maxinium, 
ABF is a semicircle. 

Prottf. 1. Let P be any point on the line ; then joining A and 
P, B and P, let the segments cut off by AF, BP be 
called S], s^, and AABP called (, as in the figure. 
Then ZP is a right angle; for if not, without 
changing si, s^, the area of t could be increased 
by making Z P right. Prop. XXII 

2. But this is impossible if ABP is a maximum, and 
similarly for any other point on APB. Why ? 

3. .'. the area enclosed is a masimnm when the line 
connecting A and B subtends a right angle at every 
point on the curve. 

Note. It will be seen that examples of maxima or minima involve 
also the idea of symmetry (§ 88). This fact is of value in solving prohlems 



Exercise, 487. Given the points A, 11, on the same side of line X'X, 
to hLul on X'X a point P such that Z X'PA = Z Bl'X. Prove that 
AF+ Pi! is the shortest path from j1 to X'X and hack to B. (Reflected 
ray of light.) 
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PLANE GEOMETRY. 



Proposition XXVI. 



318, Theorem. Of all isoperimetric plane figures the 
maximum is a circle. 



Proof. Suppose A, B points bisecting the given perimeter, 
AB cutting the figure into two segments, «,, s^. 
Then s,, s, are maxima when they are semicircles, 
and AB is a diameter. Why ? 



Phopositiox XXVII. 

319. Theorem, Of all equal plane figures the drde has 
the minimum perimeter. 




Given circle C = plane figure P. 

To prove that circumference C < perimeter P. 

Proof. 1, Suppose X a circle of circumference equal to perim- 
eter P. 

Then P<X, Prop. XXVI 

and .-. C <X. Subst. 

2. .■. circumference C < circumference X, § 307, cor. 4 

and .■. circumference C < perimeter P. Subst. 
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Prop. XXVIIL] MAXIMA AND MINIMA. 



Peoposition XXVIIL 

320. Theorem. A folygon with given sides is a maximum 
when it 18 inseriptible. 




Given two polygons, P and P', with given sides a, b, c , 

P being insciibed in a circle, and P' not inscriptible. 

To prove that P > P'. 

Proof. 1. Name the circular segments on a, h, (opposite F), 

A, B, ; suppose congruent segments constructed 

on a, h, (opposite P'). 

Then P + A->rB+ > P'-\-A + B+ 

Prop. XXVI 
2. .•.P>P'. Why? 



Exercises. 488. It tlie diagonals of a parallelogram are given, its 
area is a maximum wlien it is a rliombus. 

489. What is the minimum line from a given point to a given line ? 
Where has tliis been proved ? 

490. Into what two parts must a given numi>er be divide'! so that the 
product of those parts shall be a maximum? (Compare ex. 479.) 

491. As a corollary to ex.. 478, show that of isoperimetric rectangles 
the square is the maximum. 

492. Find the point In a given straight line such that the tangents 
drawn from it to a given circle contain the maximum angle. 

493. A straight ruler, 1 foot long, slips between the two edges of tlie 
floor (the edges making a right angle). Find the position of the niler 
when the triangle formed by the edges and ruler is a maximum ; also 
the area of tliat triangle. 
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PLANE GEOMETRY. 



Proposition XXIX. 



331, Theorem. Of all isoperimetric polygons of a given 
number of sides, the maximum is regular. 




Given P, the maximum polygon of a given perimeter and 
a given number of sides. 

To prove tliat P is regular. 

Proof, 1. Any two adjacent sides, AB, BC, must be equal. 
For if unequal, as AX, XC, then A AXC could be 
replaced by AABC, having AB — BC, thus enlarging 
P without changing the perimeter. But this is im- 
possible because P is a. maximum. Prop, XXJII 

2. Ami hence P is insciiptible because its sides are 
given, Prop. XXVIII 

3. .■. P is regular, V, prop. IX, cor. 2 



Exercises. 494. Considering only the relation of space enclosed to 
amount of wall, what would be the most economical form for the ground 
plan of a, house ? 

495. Of ail triangles in a given circle, what is the shape of the one 
having the greatest area ? Prove it. 

496. Through a point of intersection of two circumferences draw the 
maximum line terminated hy the two circumferences. 

497. Of all triangles of a given base and area, the isosceles has the 
greatest vertical angle. 

498. Draw the minimum straight line between two non-intersecting 
circumferences. 
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MAXIMA AND MINIMA. 



PbO POSITION XXX. 



322. Theorem. Of two isoperimetrie regular polygo% 
tJiat having the greater number of sides. is the greater. 




Proof. 1. Let ABCIJ be a square, P a point on DA, A FCX 
isoperimetrie with A PCD and having CX— FX. 
Then APCX> AFCD, Prop. XXIIl 

and .-. pent^ou ASCXF > D ABCD. Ax. 4 

2, But pentE^on ABCXP would, with the same perim- 
eter, be greater if it were regular. l*rop, XXIX 

3. .■- a regular pentagon is greater than an isoperi- 
metrie squai'e. Similarly, a I'egulai- hexagon would 
be greater than an isoperimetrie regular pentagon, 
and so on. 



Exercises. 499. A 
Sliow that this is tJie fc 
a given amoniit of wax 

500. Find the r 

501. Find tljei 
503. Draw the 

line to a given circle. 
503. What is the a 
a circle of radius 5 ? 



of a 



s cell h 



est form for securing the greatest capacity with 

(perimeMv). 

num rectangle inscribed in a given semicii'cle. 

lura square inscribed in a given square. 

imum tangent from a variable point in a given 

!a of the largest triangle that can be inscribed in 



504. Given a square of area 1. Find the area of an isoperimetrie 
(1) equilateral triangle, (2) regular hexagon, (3) circle. 



Hosted by 



Google 



FLANM GMOMMTUr. 



3. CONCURREMCE AND COLLINEABITY. 



Pkoposition XXXI. 

333. Theorem. If X,Y,Z are three points on the sides a, 
b, e, respectively/, of a triangle ABC, such that the perpen- 
dieulars to the sides at these points are concurrent, then 

{BX2 - XC2) + (CY^ - YA"^ + (AZ^ - ZB«) = ; 
and conversely. 




?roof. LgI^ r be tho point of conourreace, aad draw PA, 
FB, PC. 

Then (BX^ - XC) + (CT^ - FA") + (AZ' ~ ZB') 
= PJB^ - PC^ + PC - PA'' + PA^ - PB^ = 0, 
for BX^ - XG^ = (BP^ - PX^ - (FC^ - FX^ = 
BF^ - FC, and so for the rest. 

CoNVEESELY : 1. Suppose the Ja from X, Y, to meet at P ; 
and suppose PZ' J. c. 
Then as above, 
(BX*- XG^) + (Cr'-YA'') + {AZ'^- Z'B^) = 0. 

2. But (BX^-XC') + (Cr^-YA'') + (AZ''-ZB^)=-0, 
and AZ'^ ~ Z'B^ = AZ^ - ZB\ Why ? 

3. -■- AZ^ - AZ^ = Z'B^ - ZB^; but these differences 
have opposite signs aud cannot be equal unless each 
is zero. 

4. .'. Z must coincide with Z'. 
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Prop. XXXII.] CONCURRENCE AND COLLINEARITY. 239 

Pkoposition XXXII. 

324. TheoTem. If three lines, x, y, z, dravm from the 
vertices of triangle ABC to meet a, b, e ct X, Y, z, are con- 




Proof. 1. Let -P be the point of concurrence. Then '.' A J1P(7, 
I'BC have the base PC, they are proportional to 
their altitudes, and .-. to AZ, ZB. Why ? 

. AZ A AFC 
''' ZB~ AjfBC' 
, BX A BPA 

^"^ xc^aaFc' 

, Cr A PBG 



■ ■ ZB XC YA 
Let GP meet cin Z'; then as above, 
AZ' BX CY _ 
ZB' XC' YA~ " 



AZ BX CY 

ZB ' XC ' YA ~ 



■ " Z'B ZB 
7. ."- Z' must coincide with Z. IV, prop. XI, i 

Note. Ceva's theorem. 
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PLANE GEOMETRY, 



Proposition XXXIII. 

325. Theorem. If three points, X, Y, Z, lying respectwel^ 
'ti the three sides a, b, e of triangle ABC, are coUinear, then 



and conversely. 



A'Z BX CY _ 

zb'xc'ya" 




. Let i, m, n be perpend idulais from A, B, C on XY. 
Then by similar A, ZB being here negative, 



I 



2. And similarly, 
and 



AZ_ 

ZB~-n 
BX_m 
XC~ n 

¥A~ l' 



AZ BX CY 
■'" ZB' XC' YA~ 
Let XY meet AB in Z' ; then as above, 
AZ' BX CY 
Z-BXC' YA" 
AZ BX CY__ 
ZBXC' YA~ ^ 



7. .'. Z' mnst coincide with . 
Note. Menelaus's theorem, 



IV, prop. XI, cor. 
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Prop.XXXIV,] OONCUBRMNCE AND COLLINMARITY. 241 

Proposition XXXIV. 

326. Theorem. Xf a circumference intersects the sides, 
a, b, c, of a triangle ABC, in the points Ai and A5, Bj and Bj, 
Ci and Cj, respectively, then 

ACi BA, CBi ACa BAg CBi ^ . 

C,B ' AiC ■ BiA ■ CsB ■ AsC ' BaA ■^■ 




Proof. 1. AC\-ACi=BiA-BiA, Why' 

and BA^ ■ BA^ = G^B ■ C^B, 

and C£i- CB^^ A^C ■ A^C. 

2. .■. by axs. 6 and 7, the above result follows. 

Note. This theorem, known as Camot's theorem, is not a proposi 
tion in concurrence or collinearity. It is introduced as leading to thi 
proof of the very celebrated theorem following, one commonly known a 
the Mystic Hexagram, discovered by Pascal at the age of IG. 

The theorem is also easily proved when the triangle is inscribed o 
circumscribed. 



Exercises. 505, By means of Ccva's theorem, prove that the three 
medians of a triangle are concurrent. 

506. Also, that the bisectors of the three interior angles of a triangle 



507. Also, that the bisectors of two exterior and of the other interior 
angles of a triangle are concurrent. 

508. Also, that the perpendiculars from the vertices of a triangle to 
tiie opposite side are concurrent. 
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PLANE GEOMETRY. 



Proposition XXXV. 




Given an inscribed hexagon, ABCBEF, such that BA and 
DE meet at P, CD and AF at Q, BC and FE at B. 

To prove that P, Q, B are eollin«ar. 

Proof. 1. Call the A determined by AB, CD, and EF, LlIN, 

Then from Menelaus's theorem, 
LP MP NE 
PM ' DN ' 

MQ NF LA ^ 
QN' PL ' AM 
NE LB MC ^ 
BL ' BM ' CN 
multiplying and recalling Carnot's theoiem, 
LP MQ NB 
PM ' QN ' 
3. .". by Menolaus's theorem, P, Q, B are eollinear. 



and 
and 



- = -% 
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Kits, 509-521.] CONCURRENCE AND COLLINEARITY. 243 

MISCELLANEOUS BXEBCIBE8. 

509. Show that the following is a special case of prop. XXXI: The 
perpendicular bisectors of the sides of a triangle are concurrent. 

510. Also, the perpendiculars from the verficea of a triangle to the 
opposite sides are concurrent. 

511. It three circumferences intersect in pairs, tlie comiiion chords 



513. By means of Menelaus's theorem, prove that the points in which 
the three bisectors of the exterior angles of a triangle meet the opposite 
aides are oolluiear. 

513. Also, that the points in wliich the two bisectors of two interior 
angles of a triangle and tlie other exterior angle meet the opposite sides 
are collinear. 

514. The orthocenter, 0, of A ABC is determined by the perpendicu- 
lars AD, BE. Prove that AO ■ OB = BO ■ OB. 

515. Draw a circle with a central right angle AOB. A and B being 
on the circumference i bisect ZAOB by OM, meeting JIb at Jf; draw 
MP X OA ; then see if the following is tme in general ; AB = chord 
AB + PA. {Consider special cases, AB = 120°, 180=, 3a0°.) 

516. Given the base and the Tertieal angle of a triangle; construct it 

517. AB is A diameter of a circle of center O; from any point Pon 
the circumference, PC is drawn perpendicular to AB; from C a perpen- 
dicular GE is drawn to OP. Prove that PC is a mean proportional 
between OA and PE. 

518. On side a of A ABC, point P is taken such that ^ PAO = ZB. 
Prove that CP:CB = AP^ r ABK Investigate for three cases, ZA<, 
= ,>ZB. 

519. ABC is a triangle right-angled at G ; CI>-Lc, Prove that 
AD:DB= CAi:BC\ 

520. If 0, (>■ are the centers of two fixed circles, such that the cir- 
cumference of O" passes through O, and if a tangent to circumference of 
at T cuts circumference of (/ at X, r, then OX-OYis constant. (If 
the center-line meets the circumference of O" aX A, AXTO^^AAYO.) 

521. If O is the orthooenter of triangle ABC, and A'. B', C are the 
mid-points of a,b, c; Ma, Mi,, Mc are the mid-points of AO, BO, CO; 
P„, Fb, Pc are the feet of the perpendiculars from A, B, C to a, 6, c; 
prove that A', B', C, jtf„, M^, M^, F„, P^, P, are concyclic. (Tlie 
"Nine Pointa Circle.") 
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NUMERICAL TABLES. 



328 


. KUMEEICAL TABLES. 




Formula ot- Mensi!h 
breviatioiiiS : 6, base ; h, 
p, perimeter. 


ATIO.V-. The numbers refer 
altitude ; r, i-adiua ; a, are: 


to the pages. Ab- 
i ; c, circumference ; 


Parallelogram, 202, 
Triangle, 203, 
Trapezoid, 202, 


a = bk. Circle, 217, 224, c = 2!tr. 
a = ihh. a = TCr\ 
a = Hb^V)h. Arc,22;i, =a-r. 


Most Impc 


IRTANI EXFRRSSIOSS INTOH 




a = ai415B3. 
a/4 = 0.785308. 
7r/3 = 1.047198. 
» 1 = 4.188790. 


1/11 = 0.31830980. 

^ = 9.86960440. 

V^=1.77245;i85. 

1/V^= 0.66418968. 


1807>l = 57'.20578. 

n/180 = 0.01745. 

Approximate values. 


Ckrtain Nuj 


rlEIlICAL RUSL-LTS FHEQUENl 


■LY USED. 


V2:= 1.4142. 
V3 = 1.7-321. 


V6 = 2.2361, 
VU = 2.4495. 


Vt" = 2.6468. 
-/j"= 0.7071. 
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SIOGBAFEICAL TABLE. 



BIOGRAPHICAL TABLE. 



The following table includes onlj tlicse namet. mentioned in this work, 
although numerous others might piofitiblj be considtred by the student 
The history ot geometry maj be said to begin m Egjpt, the work of 
Ahmes, copied frcm a treatise uf about 2o00 s c , containing numerous 
geometric formulie The suentifio studj of the subiect did not begm, 
honeier until Thales visited Ihit countrj, *oid carn.-'d tlie learning of 
the Egyptians baok to Greece The period of about four hundred j ears 
from Tliales to Archimedes may be called the golden ige of geometry 
The contnbutiona of the latter to the mensuration uf the ciicle and of 
certain solids pra(,ti&allj closed the soientihc study of the babject in 
ancient times Only a few contnbntnn,, sacli as HerD Ptnlemy, and 
Menelans, added anything of importance during the eighteen hundred 
years which preceded the opening of the aeTenteenth century Within 
the past three hundred years 6e\ eral important piopoaitions and numerous 
improvements in method have been added, but the great body ot ele- 
mentary plane geometry is quite as Euclid left it. In recent times a 
new department has been created, known as Modern Geometry, involving 
an extensiTe study of loci, coUinearity, concurrence, and other subjects 
beyond the present range of the student's knowledge. 

The pronunciations here given are those of the Century Cyclopedia of 
Names. The first date indicates the year of birth, the second the year of 
death. All dates are a.d. unless the contrary is indicated by the sign — . 
The letter e. stands for circa, about, 6. for born, d. for died. Numbers 
after the biographical note refer to pages in this work. 

Key. L. Latin, G. Greek, dim. diminutive, fem, feminine. 

a fat, a fate, a far, a fall, k auk, a fare, 
e met, e mete, e her, i pin, I pine, o not, 
6 note, mcrve, 6 nor, u tub, U mute, a pvll. 
n French nasalizing n. fth German oh. 

a as in leisure. t as in nature. 

A single dot under a vowel indicates its abbreviation. 
A double dot under a vowel indicates that the vowel approaches the 
short sound of u, as in put. 
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moGRAFIlWAL TAHLK. 217 

Aliijics (ii'mes}. c — 1700. Egyptian priest. Wrote the oldest 

extant work isa luathetnatics 221 

Aiiaxagoras (an-aks-ag'o-ras). — 4911, -- 438. Greek philosophei' 

and mathematician 225 

Archimedes (ai^ki-m6'd62). - 287, - 2ia. Syracuse, Sicily. The 

greatest mathematician and' pliysicist of antiquity .... 87,221 
Aryabhatta (ar-;a-bha'ta). 1). 47G. One of the earliest Hindu 

matliematicians. Wrote on Algebra and Geometry 22 1 

Bhaskara (bliaa'ka-ra). I2th cent, Hindu mathematician . . . 104 
Brahmagupta (brali-ma-gOp'ta). b. 608. Hindu, mathematician. 

One of the eattlest Indian writers 14a, 221 

Carnot (tiir-nO'), Lazare Nicholas Marguerite. 1753, 1823. French 
physicist and matliematieian. Contributed to Modem Geom- 
etry 241, 242 

Ceulen jkoi'len), Ludolph van. 1540, 1610. Dutch geometrician . 221 
Ceva (cha'vii), GioTanni. 1648, c. 1737. Italian geometnciaa, 239, 241 
Dase (da'ze), Zacharias. 1821, 1881. Famous German computer , 221 
Euclid (flTtlid). c. — 300. Eminent writer on Geometry in the 
Alexandrian School, at Alexandria, Egypt. His "Elements," 
the first scientific text-boofc on the subject, is still the standard m 

the schools of England 70, 162, 208 

Euler (oHer), Leonhard. 1707, 1783. Swiss. One of the greatest 

mathematicians of modern times 99, IDS 

Gauss (gous), Karl Friedrich. 1777, 1856. German. One of the 

greatest mathematicians of modem times 208, 212 

Hero (he'rO) of Alexandria. More property Heron (he'ron). c. — 110. 

Celebrated Greek surveyor and mechanician 221, 227 

Hippocrates (hi-pok'i-a-tez) of Chios, b. c — 470, Author of the 

first elementary text-book on Geometry 230 

Jones (jOnz), William. 1876-174a English teacher 221 

Klein (kiln). Christian Felix, b. 1849. Professor at GfilCitigen . . 225 
LeibuiU (llb'nils), Gottfried Wilhelm. 1G46, 1716. Equally cele- 
brated as a philosopher and a mathematician. One of the founders 

of the science of the Calculus 23, 182 

Lindemann (lin'de-man), Ferdinand, b. 1852. German profMSor 225 
Meisler (mis'ter), Albrecht. 1724, 1788. German mathematician 98 
Menelaua (men-e-la'«s). c. !00. Greek mathematician and astrono- 
mer. One of the early writers on Trigonometry . . 240, 242, 243 
Metiui (mct'ius). Anthonisz, Adria:n. Called Metins from Metz, 
his birthplace, 1527, lfi07 221 
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Mongc (mOiizii), Gaspard. 1740, 1818. French. Foimder o£ the 
science of Descriptive Geometry. One of tlie fouodera at tlie 
Polytechnic School of Paris 117 

CEnopides (g-nopl-dez). c. - 405. Early Greek Geometer ... 72 

Pascal (pas-kalO, Blaise. 1623, 1662. Celebrated French mathemati- 
cian, physicist, and philosopher 241 

Plato (pla'tO). 0. - 429, - 348. Greek philosopher and founder 
of a school that contributed extensively to Geometry . 68, 106, 152 

Pothenot (pO-te-nO'), I^aurent. d. 1732. French professor . . . 157 

Ptolemy (tol'e-mi). Claudius Piolemwus. 87, 105, One of the 
greatest of astronomers, geographers, and geometers of the later 
Greeks 221, 228 

Pythagoraa (pi-thag'5-ras), c. — 580, c. — 501, Founder of a cele- 
brated school in Lower Italy. One of the foremost of the early 
mathematicians 49, 103 

Hichter (rich'ter). 1854. German computer 221 

Thalea (tha'lEz). - 640, - 548. One of the Seven Wise Men of 
Greece. Introduced the study of Geometry from Egypt, 26, 117, 131 

Vega, Georg, Freiherr von. 1756, 1803. Professor of mathematjcs 
at Vienna 221 
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TABLE OF ETYMOLOGIES. 



This tatle includes such of the pronuticiationa and etymologies of the 
more common terms of Geometry as are of greatest value to the studettt. 
The equivalent foreign word is not always giTen, but rather the primitiye 
root as being more helpful. The pronunciations and etymologies are 
those of the Century Dictionary. See Biographioa] Table, p. 372. 

Concave (kon'-kav). L. earn- {in- 

tenslfe) + caeua, hollow. 
Concentric (kgn-sen'trik). L. con-, 

f«getlier, + centrum, center. 
Concurrent (kon-kur'ent). L. con-, 

together, + currere, mn. 
Concyolio (kon-sik'Hk). L. cort', 

together, + c^elicus, from G. 

kyklikos, from kyklod, a circle, 

related to k^liein, roll (compare 

Cylinder). 
Congruent (kong'grfj-ent). L. con- 

gruere, to agree. 
Consequent (kon'se-kwent). L. 

con-, together, -\- segni, follow. 
Constant (kon'stant). L. con-, to- 

getlier, + itare, stand. 
Converse (kon'vers). L. con-, to- 

geiier, + vertere, turn. 
Convex (kon'veks). L, corveexus, 

vaulted, from con-, togetlier, + 

vih&e, carry. 
Corolliry (kor'o-la-"). L. coroUa- 

num, a gift, money paid for a 

garland of flowers, from coroWt, 



^is'ii). L. cut off. 
Acute (a-kut'), L. acutw, sharp. 
Adjacent (a^-jfi'sent). L. ad, to, + 

jacere, lie. 
Angle (ang'gl). L. angulua, a cor- 
ner, an angle ; G. ankylos, bent. 
Antecedent (an-te-se'dent). L. ante, 

before, + eedere, go. 
Bisect (bi-sekt')- I-- &!-, two-, + 

aecfus, cut. 
Center (sen'ter), L. centnem, center; 

G. kentron, from kenlein, to prick. 
Centroid (sen'troid), G. kentron, 

center, -)- eMos, form. ■ 
Chord (kOrd). G. chorde, string. 
Circle (sirTd). L. circalua, dim. of 

circus (G. /Cirkoa), a ring. 
Circumference (s6r-kum'fn-rens). 

L. circum, around (see Circle), 

-H ferre, to bear 
Collinear (ko-lin e-ar) L com-, 

together, + linea, hne 
Commensurable (ko-mcn sT rvM) 



Complement (kom plf -ment) L 
coniplementuw, tiiat which hlls 
fiomeom (intensive) + jitoe,fill 



Cylinder (silin-der). G, kyiindroa, 
from kyhem, roll. 
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